PACIFIC JOURNAL OF MATHEMATICS
Vol. 124, No. 1, 1986

ON THE SOLVABILITY OF THE DIOPHANTINE
EQUATION dV? — 2eVW — dW? =1

KENNETH HARDY AND KENNETH S. WILLIAMS

This paper treats the diophantine equation dV? — 2eVW — dW? =
1, where d and e are positive integers, by methods using the arithmetic
of the ring of the gaussian integers.

1. Introduction. We denote the integral binary quadratic form ax?
+ 2bxy + cy? by (a, b, c), and its determinant b* — ac by m. We con-
sider only forms which are properly primitive, that is for which
GCD(a,2b,c) = 1, and indefinite, that is for which m > 0. Two forms
(a, b, c) and (A4, B, C) of determinant m are said to be equivalent if there
exist integers p, q, r, s with ps — gr = 1 such that

a(px + qy)2 + 2b(px + qv)(rx + sy) + c(rx + sy)2
= Ax? + 2Bxy + Cy>.

If (a, b, ¢) and (A, B, C) are equivalent we write (a, b,c) ~ (A4, B,C). The
relation ~ 1is an equivalence relationship and the equivalence class
containing (a, b, c¢) is denoted by [a, b, c]. Composition of these classes is
defined by [a, b, a’c]*[a’, b, ac] = [aa’, b, c]. The set of equivalence classes
of forms of determinant m under composition is a finite abelian group.
The identity element of this group is the principal class [1,0, —-m] and the
inverse of the class [a, b, c] is given by [a, b, c]™! = [a, -b, c].

If m is of the form m = d? + e?, where d and e are positive integers
such that GCD(d,2e) = 1, the form (d, —e, -d) has determinant m and
the class [d, —e, —d] is such that [d, —e, -d]* = [d?, —e,-1] = [-1,0, m] [3,
Proposition 1]. If the equation x> — my? = -1 is insolvable in integers x
and y then [-1,0,m]# [1,0,-m] [3, p. 599] and so [d,-e,-d]#
[1,0, —m], showing that the equation dV? — 2eVW — dW? = 1 is insolva-
ble in integers V and W. On the other hand, if the equation x2 — my? = -1
is solvable [3, p. 599], then [-1,0, m] = [1,0, -m], so that [d, e, -d]*> =
[1,0, —m], in which case it may be possible that [d, —e,-d] = [1,0, -m].
Kaplan [4, Chapitre VIII] has shown that among all the representations of
m in the form m = d* + e?, GCD(d, 2¢) = 1, there is exactly one such
pair (d, e) for which [d, —e, -d] = [1,0, -m] holds, in which case dV? —
2eVW — dW? = 1is solvable in integers V and W.
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In this paper we give a complete treatment of the solvability of the
diophantine equation

(1.1) dV: = 2eVW — dW? =1,

where d and e are positive integers. Our method uses the arithmetic of the
ring of gaussian integers rather than the theory of binary quadratic forms.

The equation (1.1) is clearly insolvable if d is even or if d and e have
a common factor > 1. Hence we may assume that d and e are positive
coprime integers with d odd. We note that d odd implies that m = d* + e?
satisfies m = 1 (mod 4) or m = 2 (mod 8). In §2 we show that if m = d*?
+ e? is a square then the equation (1.1) is insolvable (Theorem 1). When
m is nonsquare two cases arise according as the pellian equation

(1.2) x*—myr=-1

is solvable or not. In §3 we show that the insolvability of (1.2) implies
insolvability of (1.1) (Theorem 2). Assuming the solvability of (1.2), we
give in §4 a necessary and sufficient condition for (1.1) to be solvable in
terms of the minimal solution (x,, y,) of (1.2), that is the solution in
positive integers x and y with y least (Theorem 3). In §5 we show that
among all the pairs of positive coprime integers (d,e) with d odd
satisfying d + e? = m, where m is a fixed nonsquare positive integer for
which (1.2) is solvable, there is exactly one pair for which (1.1) is solvable
(Theorem 4). In the remainder of §5 it is shown how this unique pair can
be obtained as the solution of a linear congruence (Theorem 5). In §6 we
show how one solution of (1.1) can be used to give all the solutions. The
paper is concluded in §7 with some numerical examples.

2. m square. We begin by treating the case when m = d?> + e’ isa
square and prove the following theorem.

THEOREM 1. If d and e are positive coprime integers with d odd such
that m = d* + e*> = n? (n > 0), then the diophantine equation (1.1) is
insolvable.

Proof. We suppose that (1.1) is solvable in integers V' and W.
Multiplyng (1.1) by d and completing the square, we obtain

(2.1) (dV — eW)’ — n?W? = d.
Factoring (2.1) we see that there exists a divisor ¢ of d such that
(2.2) dV —(e+ n)W =1, dV —(e—n)W =d/t.
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Eliminating V' in (2.2), we obtain
d
(2.3) 2nW = i f.

If W =0, from (1.1) we obtain dV? =1, so that d = 1. Hence 1 + ¢*> =
n?, which implies e = 0, contrary to assumption. Thus we have |W| > 1
and t? # d, and so from (2.3) we obtain

(2.4) 2n <

: l

= — 1.

t

If Vd < t < d then (2.4) implies
2n5t-—¥<tsd<n.

which is impossible.
If 0 < ¢ < Vd then (2.4) implies

QU

d
2ns—t-—-t<75d<n,

which is impossible.
If — Vd <t < 0 then (2.4) implies

2nst——?<——‘t{sd<n

b

which is impossible.
If —d <t < — V/d then (2.4) implies

d
2n$7~t<—t5d<n,

which is impossible.
This completes the proof of Theorem 1.

3. m nonsquare and x> — my? = —1 insolvable. In the case m = d?
+ e? nonsquare and such that (1.2) is insolvable, we prove the following
result.

THEOREM 2. If d and e are positive coprime integers with d odd such
that m = d* + e? is a nonsquare for which the pellian equation (1.2) is
insolvable, then the diophantine equation (1.1) is insolvable.

Proof. Suppose that (1.1) is solvable in integers V' and W. We define
integers x and y by

(3.1) x =eVi+2dVW — eW?,  y=V2+ W2
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Then, from the identity
(3.2) (dV?2 = 2eVW — dW?2)? +(eV? + 2dVW — eW?)?
= (d*> + X)) (V> + W2,
we obtain 1 + x? = my?, contradicting the insolvability of (1.2).
This completes the proof of Theorem 2.

4. m nonsquare and x> — my? = -1 solvable. We define the nor-
malized greatest common divisor NGCD(a, 8) of two nonzero gaussian
integers a« and B to be the unique associate a + bi, among the four
associated GCD’s of a and B, which satisfies

aodd,a>0, ifl+ita+ bi,
{a>0,b20, ifl +i|a+ bi.

We prove the following theorem.

(4.1)

THEOREM 3. Let d and e be positive coprime integers with d odd such
that m = d* + e? is a nonsquare for which (1.2) is solvable. Let (x,, y,) be
the minimal solution of (1.2), that is the solution in positive integers with y,
least. Then (1.1) is solvable if and only if

d + ei = NGCD(x, + i,m) or NGCD(x, — i, m),
when m = 1 (mod 4),
d + ei = NGCD(x, + i, m),
when m = 2 (mod 8) and x, = —de (mod 4),
d + ei = NGCD(x, — i, m),
when m = 2 (mod 8) and x, = de (mod 4).

(4.2)

Proof. We begin by showing that if (4.2) holds then (1.1) is solvable.
We may suppose without loss of generality that d + ei divides x, + i,
written d + ei|x, + i, as the case d + ei|x, — i is similar. From the
equation x3 — my? = —1 we obtain

X+ i\[xo—10)

(4.3) (d+ei)(d——ei)—y°’
where the gaussian integers (x, + i)/(d + ei) and (x, — i) /(d — ei) are
coprime. Hence for some unit ¢ (= +1, +/) and integers ¥ and W we
have (as y, > 0)

Xog+ i
d+ei

(4.9) =e(V+ Wi), y,=V>+ W2
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Clearly as -1 = i? we may suppose that ¢ = 1 or i by replacing ¥ and W
by —W and V respectively if necessary.
We first treat the case m = 1 (mod 4). In this case we have

d=y,=1(mod2), e=x,=0(mod2).

From y, = V2 + W? we see that V and W are of opposite parity, so that
(V + Wi)? =1 (mod?2). Taking x, + i = e(d + ei)(V + Wi)? modulo 2
we obtain i = € (mod 2), so that ¢ = i, giving

(4.5) xo+i=i(d+ ei)(V+ Wi).
Equating coefficients of i on both sides of (4.5) we obtain

1=dV?*—2eVW — dW?,

showing that (1.1) is solvable.
Next we consider the remaining case when m = 2 (mod 8). In this
case we have

d=e=x,=y,=1(mod2).
From y, = V2 + W? we see that ¥ and W are of opposite parity and so
(V+ Wiy =vVi-w?=2V*—1=2V—1(mod4).
Taking x, + i = &(d + ei)(V + Wi)? modulo 4 we obtain
xo+i=¢e(d+ei)(2V - 1) (mod4).
Squaring this congruence we deduce that
2x,i = e?2dei (mod 8),
so that
X, = e°de (mod 4).

Hence we have

(4.6) {e =1 ifx,=de (mod4),

e=1i, ifx,=-de(mod4).

As we have assumed that d + ei|x, + i, from (4.2), we see that x, = —de
(mod 4), and so by (4.6) we deduce that &€ = i. Thus

xo+ i =i(d+ ei)(V+ Wi)’
and equating coefficients of i we obtain

1=dV?*—2eVW — dW?2,
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Conversely we now show that if (1.1) is solvable then d + ei satisfies
(4.2). Let (V, W) be a solution in integers of (1.1).
Define integers x and y by

(4.7) x = -eV?—2dVW + eW?, y=V>+ W2
Then we have
x+i=(-eV?=2dVW + eW?) +(dV? — 2eVW — dW?)i
so that
(4.8) x+i=i(d+e)(V+ Wi,
giving
x2+1=(d>+ e»)(V:+ W)’ = mp?,

so that (x, y) is a solution of (1.2).
Next we calculate the GCD of x + i and m. From (4.8) we have

GCD(x + i,m) = (d + ei)GCD((V + Wi)’,d - ei).

Now we show that GCD((V + Wi)?, d — ei) = 1, otherwise there exists a
gaussian prime 7 such that

m|\V+ Wi, «|d-— ei,
in which case, from (4.7), we have
x=2W?(e+di)=0(modw), y =0 (modw),
contradicting that GCD(x, y) = 1 as (x, y) is a solution of (1.2). Thus, as
d and e are positive with 4 odd, we have
(4.9) NGCD(x + i,m) =d + ei,
in accordance with (4.1).

Further, we note that in the case m = 2 (mod 8), we can deduce from
(4.8) that

(4.10) x = —de (mod 4)

exactly as we proved x, = —de (mod 4) above.
Now, as (x, y) is a solution of (1.2), we have by the theory of the
pellian equation

(x0+y0M)2k+l, if x >0,

(4.11) x + yym = ,
—(xo —yy/%)““, if x <0,
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for some non negative integer k. From (4.11) we obtain

xé"“+(2k2+1)x§""y02m+ N if x >0,
(4.12) x=
— x2k-1 _(2k2+ l)x§k~1y02m — ..., ifx<0,
where the higher terms are all divisible by m?. Hence as x; = —1 (mod m)
we have
-1)*x, (modm),  if x > 0,
(4.13) o= )H‘j ( )
(-1)"""xy (mod m), if x <O.

In the case m = 2 (mod 8), we will also need x (mod 4). As x, and y,
are both odd, (4.12) gives

2k+1

x0+2( )

)xo (mod4), x>0,

Xy — 2(2"; 1)x0 (mod4), x <0,
that is
-1)* (mod4), ifx>0,
(4.14) y = | ol )H(lmo ) o
xo(-1)""" (mod4), ifx <0,
because
(2"; 1) —kQk+1)=k= %((—1)k ~ 1) (mod2).

The proof will now be completed by considering three cases.
If m = 1 (mod 4) we have by (4.9) and (4.13)

d + ei = NGCD(x + i,m) = NGCD(+x, + i, m)
— NGCD(x, + i, m)

as required.
If m=2 (mod8) and x, = —-de (mod4) then by (4.10) we have
x = x, (mod 4) and so by (4.14) we obtain

k=0 (mod2), ifx>0,
k=1(mod2), ifx<0,

and thus by (4.13) we have

x = x, (mod m),



152 KENNETH HARDY AND KENNETH S. WILLIAMS

and so appealing to (4.9) we get
d + ei = NGCD(x + i,m) = NGCD(x, + i,m),

as required.
If m=2 (mod8) and x,=de (mod4) then by (4.10) we have
x = —x, (mod4) and so by (4.14) we obtain

k=1(mod2), ifx>0,
k=0(mod2), ifx<0,

which gives by (4.13)
x = —x, (mod m),
so that appealing to (4.9) we get
d + ei = NGCD(x + i,m) = NGCD(-x, + i, m)
= NGCD(x, — i, m),

as required.
This completes the proof of Theorem 3.

5. Uniqueness. Up to this point our focus has been on a given pair
of positive integers d and e, with d odd, in terms of which the integer m
is defined by m = d? + e2. We will now shift the emphasis by assuming
that the positive integer m is given and considering all its decompositions
as the sum of two squares.

In view of Theorems 1 and 2, in order for (1.1) to be solvable, it
suffices to consider only those positive nonsquare integers m for which
(1.2) is solvable. In this case every odd prime divisor of m is congruent to
1 modulo 4 and m contains at most one factor of 2. Thus m is expressible
in the form d? + e* with d and e positive coprime integers and d odd.
We now use Theorem 3 to show that among such pairs of integers (d, e),
there is exactly one pair for which (1.1) is solvable.

THEOREM 4. Let m be a nonsquare positive integer for which (1.2) is
solvable. Then among all the pairs of positive coprime integers (d,e)
satisfying m = d? + e? with d odd there is exactly one pair (d,e) = (D, E)
such that (1.1) is solvable.

Proof. We begin by showing that there is at least one decomposition
of m in the form d? + e? for which (1.1) is solvable. Recalling that
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(xg, ¥o) denotes the minimal solution of (1.2) and setting r + si =
NGCD(x, + i, m) we define positive integers D and E as follows:
if m = 1 (mod 4), we let
._fr+si ifs>0,
(5.1) D+El‘{r—si, if s <O0;
if m = 2 (mod 8),
r+si, ifrs= —x,(mod4),
(5.2) D+ Ei= Co 0 )
s+ri, if rs=x,(mod4).
Clearly we have D odd and GCD(D, FE) = 1.

Next we show that D? + E? = m. From the definition of D and E
we see that D + Ei|x, + i or D + Ei|x, — i. Without loss of generality
we may suppose that D + Ei|x, + i. From the equation x3 — my = -1,
we see that

(5.3)

Xq+ i ) m
(D ¥ Ei)(xo_ D=prE %
where the gaussian integers (x, + i)/(D + Ei) and m/(D + Ei) are
coprime. The equation (5.3) shows that m/(D + Ei)|x, — i. But
m/(D + Ei)|m so we must have

m . .
DT Ei |GCD(x, — i,m) = D — Ei,

and so
(5.4) m|D? + E2.
On the other hand, as D + Ei|m, taking conjugates we obtain D — Ei|m.
Hence we have
LCM(D + Ei,D — Ei)|m,
that is
D? + E?
GCD(D + Ei.D —E) ™

(5.5)

Next we note that

GCD(D + Ei,D — Ei) = GCD(xy + i,xo — i, m)

= GCD(x, + i,2i,m),
so that
. . 1, if m=1(mod4),

(5.6) GCD(D+E1,D—E1)={1+I_, if m = 2 (mod 8).
From (5.5) and (5.6) we see that
(5.7) D2+ E*|m, ifm=1(mod4),
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and

D? + E*?
5-8) Tei
From (5.8) we deduce that (D2 + E?)/2|m, and as (D? + E?)/2 is odd,
this gives (D? + E?)/2|m/2, that is

(5.9) D?+ E*|\m, if m=2(mod8).

Then the result m = D? + E? now follows from (5.4), (5.7) and (5.9).

Thus m = D? + E? is a decomposition of m as a sum of two squares
which satisfies (4.2). Hence, by Theorem 3, the equation DV? — 2EVW
— DW? =1 is solvable.

Finally, it is clear that m = D? + E? is the only decomposition of m
for which (1.1) is solvable, for if there were another such decomposition,
say m = d* + e?, then we would have, by Theorem 3, d + ei = D + Ei,
giving d = D, e = E, completing the proof.

[m, if m =2 (mod8).

COROLLARY. If p = 1 (mod 4) is a prime then the diophantine equation
avr = 2bVW — aW? =1
is solvable, where a and b are the unique positive integers with
p=a*+b* a=1(mod2).

In the next theorem we go on to show how the pair (D, E) can be
constructed.

THEOREM 5. Let m be a nonsquare positive integer such that (1.2) is
solvable with minimal solution (x, y,). Then there exists a unique pair of
coprime integers (d, e) # (0,0) satisfying
d — x,e = 0 (mod m),
|d| <Vm, |e| < Vm,
dodd, d >0, if m=1(mod4),
d>0,e>0, if m=2(modS8).

(5.10)

Then the unique pair (D, E) specified in Theorem 4 for which the
equation (1.1) is solvable is given by

(d,e), ifm=1(modd),e>0,

(d,~e), ifm=1(modd), e <0,

(d,e), if m=2(mod8), x,= —de (mod4),
(e,d), ifm=2(mod8), x,= de (mod4).

(511) (D,E) =
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Proof. The following result was proved by Aubrey [1] (see also [2]) in
1913: if a, b and m are integers satisfying

m >0, GCD(a,m)=1, b/Ym not an integer,
then there exist integers x and y not both zero such that
ax — by = 0 (mod m)
and
x| <Vm, |y|<Vm.

Taking a = 1 and b = x,,, we see that there are integers d and e (not
both zero) such that
(5.12) d—xee=0(modm), |d|<Vm,|el<Vm.

It is clear that d?> + e?=m as 0 < d?+ e><2m and d? + e’ =
x2e?+ e? = —e> + e? = 0 (mod m).

Next we show that GCD(d,e) = 1. Let g = GCD(d,e), and set
d=gd,, e=ge,. From d*>+ e*=m we obtain d? + e} = m,, where
m, = m/g?. From (5.12) there exists an integer k such that d — x,e = km
and hence d, = xqe, + kgm,. Thus, from (xqe, + kgm;)*> + e} = m; we
use x2 + 1 = my¢ to deduce that

g(gyle? + 2kxge, + kgm;) =1,

proving that g = 1.
Next we show that if (d,, e;) is another solution of (5.12) with d; and
e, not both zero, then

(5.13) (d),e;) = £(d,e), +(e,-d).
From d — x,e = d;, — xy,¢, = 0 (mod m), we see that
de, — die = 0 (mod m)
and
dd, + ee; = 0 (mod m).
In view of
(au1 + ee, )2 +(de1 - dle)2 _ (@2 +e?)(df +ef)

m m m?

=1,

we must have

dd, + ee, = +tm, de, —de=0,
or

dd, + ee, =0, de,—die= tm
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from which (5.13) follows. Thus there is a unique solution of (5.12)
satisfying

dodd,d>0 if m=1(mod4),

d>0,e>0, if m=2(mod3).

Finally we show that (D, E) defined by (5.11) satisfies (4.2) and so is
the unique pair specified in Theorem 4. It suffices to treat the case

m =2 (mod8), x,= de (mod4),

as the others are similar. We must show that e + di = NGCD(x,, — i, m)
in this case.
As d — x4e = 0 (mod m), we have x,d + e = 0 (mod m), and so
Xo— i (xoe—d)_i(xod—l—e)

e+di m m

is a gaussian integer. Thus e + di|x, — i and, as e + di | m, we have
(5.14) e + di|GCD(x, — i, m)

Next we show that GCD(x, — i, m) |e + di. To do this let 7 denote
any prime factor of GCD(x, — i, m). Then, as 7 |m, we see from d — x,e
=0 (modm) that d = x4, (modw). But x,=i (modw), so d=ie
(mod 7), giving e + di = 0 (mod 7). Thus we have

(5.15) GCD(x, — i,m)|e + di.

From (5.14) and (5.15) we see that e + di is a GCD of x, — i and m.
However d and e are positive integers so that NGCD(x, — i, m) = e + di,
which completes the proof.

6. Complete set of solutions of (1.1). In this section d and e are
positive integers for which (1.1) is solvable. We let (V,, W,)) be a particular
solution of (1.1) and show how all solutions (V, W) of (1.1) may be
obtained in terms of V},, W, and the minimal solution (x,, y,) of (1.2).

Let (V, W) be any solution of (1.1) and set

_ (dV—eW)+ Wim
(dVy = eWy) + Wolm

The norm of « is

(dV — eW)* = mW?*  d(dV? — 2eVW — dW?)

(dV, — eW,)’ — mWw2  d(dV@ — 2eV,Wy — dW)
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Moreover a is of the form A4 + Bym, where 4 and B are integers given
by
A =dvV, — e(VW, + WV,) — dWW,,
B= —VW,+ WV,.
Hence, by the theory of the pellian equation, we have
a = i(xo + YO‘/’;)M’

where k is an integer. Thus we have shown the existence of an integer k
such that

(6.1) (dV — eW) + Wim = +(xo + yo/m ) “((dV, — eWp) + Woim ).

Conversely let V' and W be defined by (6.1) for some integer k.
Taking norms of both sides of (6.1), we see that (V, W) satisfies (1.1). It
remains to show that V and W are both integers.

Define integers T and U by

T + UVm = -_l-(xo +y0\/77)2k.
Then equating coefficients in (6.1) we obtain
dv — eW = T(dV, — eW,) + mUW,,
W =TW, + U(dV, — eW,).
Clearly W is an integer. Solving for V we obtain (using d* + e = m)
V=(T+ eU)V,+ dUW,
so that V' is also an integer.

It now follows that all solutions of (1.1) may be obtained from (6.1) in
terms of the particular solutions (¥, W;) and (x,, y,)-

7. Numerical examples. If d =11 and e = 8 then m = 185 = 112
+ 82 = 1 (mod 4) is nonsquare and such that (1.2) has minimal solution
xo =68, y,=15. In this case NGCD(68 + i,185) = 11 — 8/, while
NGCD(68 — i,185) = 11 + 8i, so that Theorem 3 applies to show (1.1) is
solvable ((V, W) = (2,1) is a solution.) We note that 185 = 13% + 42 so
that (1.1) is insolvable for d = 13 and e = 4 by Theorem 4.

In case m = 130 = 32 + 11> = 7% + 92 we have m = 2 (mod 8), non-
square, and such that (1.2) has minimal solution x, = 57, y, = 5. Now
NGCD(57 + i,130) = 9 + 7i and as 57 = -9.7 (mod 4) we see by Theo-
rems 3 and 4 that (1.1) is solvable only in the case when d = 9 and e = 7
((V, W) = (-1, 2) is a solution).
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To illustrate the use of Theorem 5, take m = 845. Then m =1
(mod 4) is nonsquare and x, = 12238, y, = 421 is the required minimal
solution of (1.2). The candidates for the unique pair (d, ¢) satisfying (5.10)
must be solutions of m = d? + e?, that is, (d, e) = (13, +26), (19, +22),
(29, +2). The only pair satisfying d — x,e =0 (modm) is (d,e) =
(29, -2), so that (D, E) = (29,2) is the unique pair for which (1.1) is
solvable ((V, W) = (15,14) is a solution).
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