Explicit forms of Kummer’s complementary
theorems to his law of quintic reciprocity

By Kenneth S. Williams*) at Ottawa

Let { =exp(27i/5). The ring of integers
ZIO={a,{+a, P +a; C+a,*ayas ay ay e Z)

of the cyclotomic field Q({) is a unique factorization domain (see for example [6]),
all of whose units are given by +*({+{%" k=0, 1, 2, 3, 4, ne Z (see for example [8],
p. 99). If a, {+a, (> + a3 +a, (* € Z[(] is not divisible by the prime 1 —{, equivalently
a, +a,+ay+a, %0 (mod5), then multiplying a,{+a,(*+a;{* +a,(* by a suitable
unit if necessary, we may suppose that it is normalized, that is '

1) a—a,—azs+a,=a,+2a,—2a;—a,=0(modS), a, +a, +a; +a, =1, 2 (mod 5),
and thus is primary (see for example [8], p. 118).

If t=a;{+a,{®>+a3®+a,(* is a normalized prime factor of a rational prime
p=1(modS5) we set a=a, +a, + a; +a, so that from (1) we have

(2) a,=—2a—ay, dy=2a—2uy, ay=a+2uy (mod?3)

with a=1 or 2 (mod35). © gives rise to a solution (x, u, v, w) of Dickson’s diophantine
system [1], p. 402

(3) 16p=x2+450u?+500% +125w?, xw=v? —4uv—u?*, x=1 (mod5),
as follows: set
4 0=b,l+b,+b b, =, {+a, G ay O+ ayNay Cay G ay {Hag )
so that
b, =a3+a,a,—aya, —a;a; —a,a,,
b,=aj+a,a;—a,a, —a,a,—axa,,
©) by,=a?+a,a;—a,a,—a,a; —asa
3 1 243 1%2 143 344>
b,=a}+a,a,—a,a;—a,a,—asa,,
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from which we obtain in conjunction with (2)

© b, =aa, (mod 5), b, =a’ +2aa, (mod 5),
) by =2a*—2aa, (mod5), b, = —2a* —aa, (mod 5),
which gives

@ b, +b,+b;3+b,=a* (mod5), b, +2b,—2by—b,=0 (mod>5),

2b, —b,+b;—2b,=0 (mod5), b, —b,—by+b, =0(modS5),

enabling us to define integers x, u, v, w (with x =1 (mod 5)) by

® x=¢(by +b,+bs+b,), Su= —¢(b, +2b,—2bs;—b,),
Sv=—¢e(2b;, —b, +b3;—2b,), Sw=—¢(b,—b,—bs+b,),
where e=+1 if a=1(mod)), c=—1if a=2 (qu 5), which satisfy (3) as 00=p.

As e=a” (mod 5) we have (using (6) and (8))
a,=c¢a*(a+a)—a=—¢ea(by,—by)—a=au—v—1) (mod5),
which gives on appealing to (2)
© a,=a(—2u+v—1)(modS), a,=a+2v—1) (mod>H),
) ay=a(—u—2v—1)(modS), a,=au—v—1)(mod?3).

Hence from (9) we have

a—2a,+2as—a,
a,+a,+az+a,

(10) =2u—v (mod5)

and from (5), (8), (9) we have
4(ay +a, +az+a,) (ay +2a,+3a3 +4a,)
=5e(u—2v)+5(a3+3a3 +4al+3a,a, +4a,a; +4a,a, +4ayay +4aya,)+25a3a,
=5a%(u—2v)+5a*(u+ 2v +2) (mod 25)
=5a*(2u+2) (mod 25)
giving

1 ai+2a,+3a,+4a, _ 2u+2 = —2u—2(modS5).

11 —
1D 5 a,+a,+as+a, 4

Now if (—;)5 denotes the quintic residue character (mod 7) Kummer’s logarithmic
differential-quotient formulae for his complementary results (see for example [3], p. 270,
[2], pp. 109—113, [8], pp. 121—123) to his law of quintic reciprocity (%:—)5 =<£—f— K
where n,, m, are primary primes of Z[({] (see for example, [8], p. 120), give after some
calculation
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p—1 4 ay—-2a+2a3—a
(__C_> =C 5 <C+C > =C a,+a2+a3+a44
b b

<5> 1 (al+2a2+3a3+4a4)+3(a1—2a2+2a3—a4)
5

(12)

=C§ (ay+ax+asztag) (a1 +ay+az+ay) +2

T
Thus, from (3), (10), (11), (12) and the identity (1 —{)* =52%({ + &) we obtain

Theorem. Let ©t be a normalized prime factor € Z[{] of a rational prime p =1 (mod 5)
giving rise (in the manner described above) to the solution (x,u,v,w) of Dickson’s
diophantine system (3). Then we have

n)s n 5
S\ uiae 1—-{) _ sx+a+2u
<;‘“>5_C ’ < T )s_C '

We remark that as a consequence of this theorem, 5 is a quintic residue of
p=1(mod5) if and only if u—2v=0 (mod5), a result due to Muskat [7]. As the only
solutions of (3) are (x, u, v, w), (x, —u, —v, w), (x,v, —u, —w) and (x, —v, u, —w), the
congruence u —2v =0 (mod 5) is independent of the choice of solution (x, u, v, w) of (3).

Example. The primary prime factor n=5{+{>+2*+3{* of p=61 leads to
(x, u, v, w)=(1, 4, —1, 1) so that by the theorem we have

() 5) (2 (259)
n)s T 5 nJs T 5

Using { = — 3 (mod n) as necessary we can check these results as follows:
C 61-1
<_> ={ ° ={?={*(modn),
n)s

( ¢+ )E (C+H2=(78)12 =172 =(4913)* =334

T

=10892 = (—9)? = 3* = {* (mod n),

(i> =52=125*=3*={*(mod n),
/s

( 1=¢ > =(1-0)?=4"=64*=3*={* (mod n).
n 5

We close by remarking that in all likelihood the ideas of this paper can be used
to obtain corresponding explicit forms for the complementary theorems to Kummer’s
law of septic reciprocity. The appropriate diophantine system is discussed in [5] (see
also [9]). Presumably the necessary and sufficient condition for 7 to be a septic residue
of p=1 (mod 7) given in [4] would follow as a corollary.
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