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NOTE ON A RESULT OF KAPLAN

KENNETH S. WILLIAMS!

ABSTRACT. A simple proof is given of a congruence (due to Kaplan)
involving the number of solutions of a certain biquadratic congruence.

Let p be a prime = 1 (mod 4) and let g be an odd prime distinct from p.
Let N denote the number of solutions of x{ + - -+ + xj = ¢ (mod p). In [2]
Kaplan claims to compute N exactly (see pp. 115, 140, 141) but in fact he only
determines N modulo g (for counterexample see example at end of this note).
Fortunately this is all that is needed for his delightful proof of the law of
biquadratic reciprogity. In this note we give a very simple derivation of
Kaplan’s congruence for N modulo ¢ based on properties of Gauss and Jacobi
sums (see for example [1]).

We let a, b be such that p = a®> + b%,a = 1 (mod 2), » = 0 (mod 2),
a—b+1=0(mod4), and set 7 = a + bi, so that p = 77, with

7= —1(mod (1+i)%).

Next we let x,, be the (nonprincipal) biquadratic character (mod p) given by

X (1) = (%)4

_ {ie if # # 0 (mod p) and 17~V/4 = j¢ (mod 7) (0 < e < 3),
0 if t = 0 (mod p),

andsetfor 1 < A <3,1<</<p—1,

20 =T Xty (elw) = exp i)

so that 7,(1) = xX(/)r,, where 7, = 7,(1). It is known (see for example [1, pp.
430, 463]) that

ni=nn=p n=CD" 0 g = )P,

_ V2 4 _ 2 4_ 2
’7'2—]7/, n=pT, T3 =pU,

p—1
Z e(1x?) = 7 x, (1) + )3 () + mx3(®) (¢ # 0 (mod p)).

x=

Received by the editors June 3, 1975.
AMS (MOS) subject classifications (1970). Primary 10A10; Secondary 10A15.
Key words and phrases. Biquadratic congruences, biquadratic residue character, Gauss and
Jacobi sums.
1 Research supported under National Research Council of Canada Grant No. A-7233.
© American Mathematical Society 1976

34



NOTE ON A RESULT OF KAPLAN 35

Then we have

1 p-1 p=l

N=— 3 3 eli+ - +x5-9)

Px,..., x,=0 =0

= p7! + = e( q) 2 e(tx4)}q
=l 1”2 (=g %0 (0) + 1330 + 122D}
P2 4 T3 Xn T X N X
-1
= P+ S g X0 + X0 + 7 0) (mod g)

Case (1): ¢ = 1 (mod 4). We have modulo g,

1
)+ () )

N =p 4+ 7 (- + Xz (=q)r
= p"" + @ () 4 (@/pp V2 4 x (@) (pr)

Case (ii): ¢ = 3 (mod 4). We have modulo ¢,

1 1 1 1
N = pi! +p{xw( D+ xR (T + X ()

- 1( DDA (q)(pr2)a DA 4 (g) Pa-D/2
NV (@) (),

Thus we have established

THEOREM.

B

) @-1/2
q
T

q
D
( ) (@-1)/4a-1)/2 4 (%) PG D/Az@D/2 (mod ),
4
N = if g = 1 (mod 4),
e (3) P02 4 (_1)(p—1)/4<g> P /Aglarn)/2
P T )4

+ (_1)(p—1>/4<£> P DAZE/2 (m0d ), if g = 3 (mod 4).

/4

ExaMpLE. Takep = 5,9 = 3,7 = 1 + 2i, so that (¢/p) = —1, (¢/7)y = —i,
(¢/7)4 = i. The theorem gives N = 28 (mod 3). It is easy to see that
xt + x4 + x4 = 3 (mod 5) has N = 64.
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