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R1ASSUNTO. — Nei problemi di ciclotomia interessa conoscere il numero delle solizioni
della congruenza 2/ + 3/ + 1=0 (mod p = e¢f + 1), p dispari. Il caso ¢=35 fu trattato
completamente da L. E. Dickson; gli Autori trattano ora il caso ¢ = 7.

1. INTRODUCTION

In a series of papers [1], [2], [3] L. E. Dickson laid the foundations of
the modern theory of cyclotomy. His work [2] shows how in principle the
cyclotomic numbers. of order ¢ (¢ an odd prime), for primes p = 1 (mod ¢),
can be computed in terms of the solutions of a system of (1/2) (¢—1)
quadratic diophantine equations. For example, when ¢ = 5 the appropriate

" system is

‘ 16 p = 22+ 5022 4 50 2% + 125 %2,

P‘ xw =12 —4uv—u?,

(1.1)

and Dickson has given a complete treatment of this system [1]. However
when ¢ = 7, though Dickson treats the problem in some detail, he does not
give the precise analogue of the above system, nor does it appear in later
papers on cyclotomy. It is the purpose of this paper to give the analogous
system to (1.1) when ¢ = 7 (see (3.5)) and to give a complete treatment of
it, appealing where possible to appropriate results of Dickson. Elsewhere [6],
[7] the Authors have used the solutions of the system (3.5) to determine the

" cyclotomic numbers of order 7, which are lacking in the literature on cyclo-
tomy (see the concluding remarks of [8] for example), and to give necessary
and sufficient conditions for 2, 3, 5 and 7 to be seventh powers modulo primes
p=1 (mod 7) (see [5] for example).

2. NOTATION

Throughout the rest of this paper we will use the following notation.
p denotes a prime = 1 (mod 7), §{ = exp (27/7), Z [{] is the ring of integers
of Q (§) (Q-rationals)—it is a unique factorization domain [g]. If = is any
prime factor of p in Z [{] we order its conjugates by setting m, = o, (%),

(*) Both Authors were supported under National Research Council of Canada Grant
No. A-7233.
(**) Nella seduta del ¢ febbraio 1974.
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1 < k£ < 6, where 6, is the automorphism of Q (£) determined by o ({) = ¢
The 7-th power character (-/r), is defined by (y/m),=¢ if y- V1 =¢
(mod =) for any element y of Z [{] such that ¥ == 0 (mod =). The Jacobi
sum J_(m,n) is defined for any integers 7 ,n by

: (x4 1)
@1 T,y =35 (SR
Finally, for any integer @ 5= 0 (mod p), we define the Jacobsthal sum g, (2) by
z (2" + a)
(22) 9, (a) = 21( ),

where (-/p) is the familiar Legendre symbol. The basic properties of Jacobi
~sums are given in [4] and those of Jacobsthal sums in [I10].

3. NORMALIZED ELEMENTS AND A ONE-TO-ONE CORRESPONDENCE

The element 1 — { is a prime in Z [{] as its norm is the rational prime 7,

DEFINITION. An element K € Z [{] is said to be normalized if K = — 1
(mod 1—09%. &
Clearly K = Za-t’ is normalized if and only if

6 6
(3.1) Z =—1 (mod 7), 2__‘, ;=0 (mod 7).
The following results cdncerning normalized elements are either implicit
in the literature or easily proved from known results.
6

(D) If K=Y a,¢€Z[{] is normalized and such that KK = p then
i=1 .
([2], pp. 365-366)

6 6
(32) Zita=Xita=0 (md7);

i=1

moredver (using (3.2)),
(33) ay—a—astas=a +a—2a3—2a,+a5+a =0 (mod7),
and the integers x,,- -, x4 defined by

| | my=—a—a—ag—a—a;—as,
Xp = ay—4as,
X3 = ax—4as,
Xy = a3 — 2y,
7% =ay + ay—2a3— 20,1+ a5+ as,

(3.4 ?

\ Txe=a —ay—as+ ag,
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satisfy ([2], pp. 366—367) the diophantine system

'

729 =227+ 42(*F+ a5 + 2D + 343 (41 + 34D),
1222 — 1222 + 14722 — 44122 + 562 76 + 2425 %3 — 24%5 %4 +
(3.5) + 4823, 98x5 2 = O,
' 1222 — 122} + 4922 — 14723 + 282, x5 + 282 26 + 487, 23 +
| T 24%3 %4+ 24x3 X4 + 490%x5 xg = O,
with x; = 1 (mod 7).

(II) For any solution (xy,- -+, xg) of (3.5) we have (reducing the equa-
* tions modulo 8, 3 and 7)

2y +x3F26=0 (mod 2),

2xy+ 2%+ x5+ 27 =0 (mod 4),

(3.6) (2% + 2%+ x5+ 3x=0 (mod 4),

Bt 2 =0 (mod 3),

Xyt 223+ 3x,=0 (mod 7);
moreover, with A =1 if x; = 1 (mod 7) and A = —1 if x; = — 1 (mod 7),

the integers a;, a;, a3, a,, a5, ag defined by,

| 120@; = —2x; + 625+ 725+ 21x4,
1202y = — x| + 6x3 + 7x5— 21 x5,
12A@3 = — 2x; + 6x,— 1475,
(3.7
12 gy = —2x; — 6x,— I4x;5,
12hag = —2x; —6x3+ 7x5—21xg,
I12A@g = —2x; — 6xy + 725+ 21 x¢,

: ‘ 6 .
give (from (3.6) and [2], pp. 366—-367) K = Z a; ¢, a normalized element
. =1
of Z [€] such that KK = p.
Putting assertions (I) and (II) together we have

THEOREM 1. There is a one-to-one corvespondence between normalized
elements K € Z [(] satisfying KK = p and solutions + (x,,--,x¢) of (3.5).

4. NUMBER OF SOLUTIONS

In this section we use Theorem 1 and the unique factorization property
of Z [{] to calculate the number of solutions of (3.5). Again we state some
known results.

(III) If K€Z [{] is such that KK = p then K possesses a unique
normalized associate K; such that K; K, = p ([2], p. 375).
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(V) If no one of the integers m ,n ,m + »n is divisible by 7 then
J.(n,n) is a normalized element of Z [T] such that J_(m , ») 1‘ (m ,n) = p.
(That J_(m ,n) is normalized follows using a well-known calculation of
Davenport and Hasse. See [4], p. 153 for example.)

(V) The unique normalized associate K; of K = m; ®; 75 (resp.
K=mmnym) is Ki=7J (1,1) (resp. K; = ]J_(1,2). (This is due to
Kummer. See, for example, [2], p. 376.)

(VD) If K €Z [{] is normalized and such that KK = p then either

(4-1) K=o, (J(1,1)
or
(4.2) K=g¢,(J(1,2),

for some £(1 < £<6).

(This follows from the above remarks, and the factorization
P = Ty Ty T3 T4 T Tg)-

The conjugates in (4.1) are distinct. However since o, (7 7, 7,) =
= T Ty Ty, T Ty T, 1S an integer of Q (y — 7), and (4.2) gives only two distinct
conjugates. Hence there are 6 4 2 =8 possibilities for K and by Theorem 1
we have

THEOREM 2. If p is a prime = 1 (mod 7) there are exactly I6 integral
solutions of the system (3.3).
5. NATURE OF SOLUTIONS

Replacing ® by —7 is necessary, as ®;®, 7, is an integer of Q (Y —7),
we may suppose that

(5.1) M TRy =¢4uy—7
where

(5.2)  p=Fr4+7d t=1 (mod 7).
Hence

Ja,2)=mmmy,
and it and its conjugate give rise (using (3.4)) to the 4 solutions
(5.3) : +(—6¢t,+2u,+2u%,F 2u,0,0).

If (%,%5,23,%,,%5,%) is a solution arising (using (3.4)) from any of
the conjugates in (4.1) it is easy to check that the six conjugates give the
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twelve solutions:

I O O O o] (o] £
(o] O 0 1 o] (o]
o —I O o o (o]
(54) :t<x17x2’x87x4’x5’x6) fe) 1 O fe) o
1
o] O 0O 0O —-—- !
2 2
1
(o] O O o 3 —_—
2 2

where £=0,1,2,3,4,5.

THEOREM 3. If p is a prime = 1 (mod 7) the 16 integral solutions of (3.5)
consist of 4 trivial solutions given by (5.3) and 12 non-trivial solutions given

by (5.4

6. FORMULAE FOR THE NON-TRIVIAL SOLUTIONS

From the work of Whiteman [10] (or as easily established directly)
we have

6 -2
(6.1) ~ ZO 97 (48°) L=7 Zl grle =D

where g is a primitive root (mod ) and ind,(@) (¢ == 0 (mod p)) is the unique
integer » such that ¢ = g” (mod p), o<m < p— 2. Replacing = by an
appropriate conjugate if necessary, we may suppose that

(6.2) (efmn = ¢,
so (6.1) gives

1 61 3 i
(6.3) J.(1,1) =74 (4£)H ¢,

6
so that if J_(1,1) = a; ¢ we have
$e=l

(6.4) 78, = 9,(48) — 9, (4) (f=1,2,--,6).
Thus the solution (x,,--:,xg) of (3.5) with x; =1 (mbd 7) corresponding
to J (1,1) is given by
x1=1+4 ¢, @,

7%=, (48 — ¢, (489,

723 = 9, (48°) — 9,48,

7%= 0, (48%) — 9, (487,
49%5 = ¢, (48) + 9, (485 —29,(485) —29,(48" + ¢,(4£° + ¢,(4£%
4926 = 9, (4£) — 0, (48D — 9, (48% + 9, (4£%) ,

(6.5)
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6
recalling that Zcp7 (4£") = — 7 (See [10]). We have by (5.4) and (6.5):
=0

THEOREM 4. If g is a primitive rvoot {mod p) (p a prime = 1 (mod 7))
the six non-trivial solutions (x , %y , X3 , X1 , X5 , xg) of (3.5)with %, =1 (mod 7),
corresponding to J (¢,7),1 <7< 6, are given by

Tn=1+9,(4),
T, =9, (48)— 9 (4£%),
7%3 =9, (4£%) — ¢, (4£%),
7%y =9, (48%) — 9, (48",
4975 =9, (48) + 0, (48*) —29,(4£%) —29,(4g") + ¢, (4£%) + 2,(4£%),
4976 =9, (48)— ¢, (4£%) — 0, (44" + 0, (4£%),

where, for eack 7,7 is the unique integer suckh that 17 =1 (mod 7), 1 <7 <6,

.5.  CONCLUSION

It is important to note that Theorems 3 and 4 establish that the diophan-
tine system (3.5), provided the trivial solutions are excluded, determines
a unique solution x; = 1 (mod 7), given by x; =1 + ¢, (4) (compare [5],
[8]). Since ¢, (4) is odd if and only if 2 is a 7th power (mod p), x; even
is a necessary and sufficient condition for 2 to be a 7th power (mod p)

(See [7D).
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