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On Certain Sums of Fractional Parts

By
J. M. Gaxpar and K. S. WiLL1aMS *)

1. Infroduction. Let @ and b be integers and m an integer > 1. In this note we
evaluate the sums

mllax+b " fax+b
1.1 Cpl(a,b) = : , - Rm(a, b) =
T ]

where {y} denotes the fractional part of y. Certain special cases of these sums are
known, for example (see [1] page 333)

Cm(a,0) = }(m — (a,m)),
“and if (2, m) = 1 (see [3] page 50)‘
Om(a,b)=4(m—1), Rum(a,0)=3%g¢(m).
We evaluate Cp, (a, b) ana Ry, (a, b) in general. We let p1, ..., ps; be the s distinct
primes dividing both @ and m. Then we write
(1.2) a=pp - prpp o ppa,  mo=pte iy e piem!
where 7 (0 < r < s) is the unique integer such that
agzmg 1=1,...,7), as<my(t=r—+1,...,9),
and pyta'm’ (1 =1, ..;,8), (@’,m') =1, and set

A=pri-ve, M=pl-p
We prove

Theorem 1. Cpp (a, b) = }(m — (a, m)) + (@, m) {b/(a, m)}.

¢

Theorem 2.
: B(a,b) — {(p(m {b/m}, if m|a,
" '3 ¢ (m) + bo(m)im — A(M) @ ([b|A M), m|M), if m1a,

where @(k) is Euler’s g-Function and ¢(k, ) is Minine’s generalization (see [1]
page 124) of Euler’s ¢-Function, that is, ¢ (%, I) denotes the number of integers < &
which are relatlvely prime to L

*) Both authors were partially supported by the National Resea.rch Council of Canada under'
Grant A-7233.
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2. Proof of theorem 1. Our stari;mg pomt is the following well known identity
(see for example [2] page 122): if k is any integer =’ 1 and « is any real number then

E=1T o B

ey S [— + a] = [ok],
z=0

where [y] denotes the greatest mteger < y (so that ¥y = [y] + {y}). It is clear that

(2.1) can be rewritten as :

k-1

2.2) Z{%+a}=§(k—1)+{alc}.

=0

For fixed k and «, {2/k + a} is periodic in z-with period k, and if ¢ is an integer such
that (¢, k) = 1 the mapping = — cx is a bijection on a complete residue system
modulo k. Applying this bijection to (2.2) we obtain

) k—1 cx
(23) Z{—+a}=§(k—1)+ {ak}.

k
z=(
Setting ¢ = a/(a, m) and k = m/(a, m) (so that (c, k) = 1).in (2.3) We\get

mia,m)—1( o 1 m om
2 {E”“} =?((a,m) B 1) +{(a,m) }

and so *
m—1 (@,m)—1 mi(a,m)—1 a m . .
zgo {— i a} ,20 :Zo {75 (y * (a, m) z) + a} -

(a.ni):— 1 m/(u.ﬁn:)—l a + \
B z=0 v=0 {Ey a}

giving s .

(2.4) Z{imﬂ}=é(m—(a,%n))+(a,m){“"‘ }
=0 | ™ a,m)

Theorem1 follows by taking a:= b/m in (2.4).
3. Proot of theorem 2. As
1, if k=1
(d i { 1] i ]
d%” =lo, i k>1,
wo have

m—1 b mid—1
RM(an)=Z{Mm+ } 2 p@=2r@ Z {m/d :»}'

z=0 Ja|(zm) d|m =0
and so applying (2.4) with m/d, b/m replacing m, « respectively, and recalling that
s 29 # _ p(m)
m

d|m

, we obtain

.
Rop(a,b) = d%”,u d) (4} (mfd — (a, m|d)) + (a, m/d) {_—d @ m/d)}) =



\
R}
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= 4o + 5 23S (@) @, mia) -

‘ . d|m
o . ; b
~ .'_d%n.“(d) (@, m/d) [d(Tm/d)]
‘Now Z 1(d) (a, m/d) is a multiplicative function of m and so we have .
d|m '
2 u(d) (@, mjd)=T] ( 2u(d)(a, p’/d)) I[1(@p— - (@, 7)) -
d|m p*llm\d|p* p'||m

If m|a we have

I [{(@, p*) — (@, p*~1)) = l_I (p* —pt ) = m]_[(l —1/p) =g@(m).

P*lm

If m.t a then either there exists a prime p; such that p;|m but p;ta or every prime

p|m divides @ but there exists a prime pz with p}|m, p}| e and u > v, so that
(@) — (@) =0 (=12).

Putting the two possibilities together we have
" m), if m|a,
S u(d) (@, mid) = {"”( i
d|lm 0 N ].f mia.

Finally in thé sum

. b
(@) (@, m/d) [——]
Py d(a, m[d)
we sum over d|m by summing over d;, dz with d;|p{ --- p™, do| pPpp -+ phm’.
Clearly dy and dy are coprime so that u(didz) = p(d1) u(dz) and the only dy, d2
contributing to the sum are those for which dy, dg are both squarefree. For dz square-
free we have

(@, m/d) = (p‘i“ e g Py e g,

A A S S il
d1 d2
) " P B peptpimy

[} - +1 o . 4 ’
p p:” P e g, g dzp;"m>

|

N plm‘...p’n’ +1 ] M
B

and so the sum becomes

dllM 1 d.|m/M

- Ap(M) > u(ds)

b ] [ [b/A M] ]
AM ds  ds|minm d2

that is .
, b b m
@1 d%"u(d)(a,m/d)[d(’ /b)] Ao )«p([ AMJ ﬂ),
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as (see for example [2] page 123)
ok, 1) = Z.“(d) [k/d] .

We note that when m|a (so that A=1, M =m, m =1, r=3) (3. 1) gives @(m) {bfm}.
Putting these results together we obtain theorem 2.
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