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On Certain Sums of Fractional Parts 

By 

J. M. GANDHI and K. S. WILLIAMS *) 

1. Introduction. Let a and b be integers and m an integer > 1. In  thia note we 
evaluate the sums 

where {y} denotes the fractional part of y. Certain special cases of these sums are 
known, for example (see [I] page 333) 

cm(a ,o )=&(m-  (a,m)),  

-and if (a, m) = 1 (see [3] page 50) 

Cm(a ,b )=4(m-1) ,  Rm(a,O)=4y(m).  

We evaluate Cm (a, b) and R, (a, b) in general. We let p1, . . . , be the 8 distinct 
primes dividing both a and m. Then we write 

where 7 (0 5 r 5 8) is the unique integer such that 

q z m r  ( i = 1  ,..., r ) ,  ( ~ l < m { ( i = r + i  ,..., 8),  

and pd f arm1 (i = 1, . . . , Y), (a1, m') = 1, and set 

A ...p M = py ..*pT. 
r + l  8 ' 

We prove 

Theorem 1. Cm(a, b) = 4(m - (a, m)) + (a, m) {bl(a, m)} . 
Theorem 2. 1 

Rm (a, b) = 
A p,(M) p, ([blA MI, m/M), if m f a ,  

where y(k) is Euler's 9-Function and q(k, I) is Minine's generalization (see [I] 
page 124) of Euler's 9-Function, that is, y(k, 1) denotes the number of integers 5 k 
which are relatively prime to I. 

*) Both authors were partially supported by the National Research Council of Canada under 
Grant A-7233. 
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2. Proof of theorem 1. Our starting point is the following well-known identity 
(see for example [2] page 122): if k is any integer 2 1 and a is any real number then 

where [y] denotes the greatest integer $ y (so that y = [y] + {y}). It is clear that 
(2.1) can be rewritten as 

For fixed k and a, {x/k + a} is periodic in x-with period k, and if 'c is an integer such 
that (c, k) = 1 the mapping x -+ cx is a bijection on a complete residue system 
modulo k. Applying this bijection to (2.2) we obtain 

Setting c = a/(a, m) and k = m/(a, m) (so that (c, k) = l),in (2.3) we get 

m - i  

(2.4) 2 {z  x + a} = + (m - (a, A)) + (a, m) 
z=0 m 

Theorem1 follows by taking a:= b/m in (2.4). 

3. Proof of theorem 2. As 

and so applying (2.4) with m/d, b/m replacing m, a respectively, and recalling that 

b 
R m  (a, b) = z p  (4 4 (mid - (a, m/d)) + (a, m/d) 

dlm 
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' NOW p ( d )  (a ,  m / d )  is a multiplicative function of m and so we have 

If mIa we have 

If m .I a then either there exists a prime pl such that pl ( m but pl f a  or every prime 
p ( m divides a but there e h t s  a prime p2 with pz (1 m, pi  11 a and u > v, so that 

(a ,  p:) - (a ,  & - I )  = 0 (i = 1 ,2 )  . 
Putting the two possibilities together we have 

Finally in the sum 
b 

2 p ( d )  (" ' l d )  [ d  (a, mid)] 
d l f n  , 

we mm'over d 1 m by summing over d l ,  d2 with dl ( p y l  p,"', d i  1 p?;? -.. p p m ' .  
. 

Clearly dl  and d2 are coprime so that p(dld2)  = p(d1)  p(d2) and the only d l ,  d2 
contributing to the sum are those for which d l ,  d2 are both squarefree. For d2 square- 
free we have 

p?++i . . . p p  m1 

d 2  , ) = .  
p y . . .  

- .  - 
M '?. ,p+i ... p: = - A ,  

d l  r+i d l  
and so the sum becomes 

b 

d i l M  dr 1 mlM ds 1 mlM 

that is 

dim 
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as (see for example [2] page 123) 

v (k, 1)  = CP (4 [kldl . 
dl1 

Wenote thatwhenmla (sothat A = l ,  M=m, m ' = l ,  r = 8 )  (3.1) gives rp(m)(.b/m). 
Putting these results together-we obtain theorem 2. 
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