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THE KLOOSTERMAN SUM REVISITED

BY
KENNETH S. WILLIAMS

1. Introduction. Let p be an odd prime, » an integer not divisible by p and « a
positive integer. For any integer 4 with (h, p*)=1, h is defined as any solution of the
congruence hh=1 (mod p%). The Kloosterman sum A,,(n) (see for example [4]) is
defined by
(1.1 Aga(n) = Y exp(2min(h+h)/p”),

h mod p%
where the dash (*) indicates that the letter of summation runs only through a

reduced residue system with respect to the modulus. When a=1 the value of
Aa(n) is unknown in general but Weil [3] has shown that |4,(n)|<2p'/2. When
a>2 Salié [2] has shown that A4,.(n) can be evaluated explicitly. Salié proved

THEOREM. Let p be an odd prime, n an integer not divisible by p and « an integer
>2. Then :
2p*'% cos(4mn/p%), if « is even,
Ay(n) = {2(n | pp**cos(4mn[p”),  ifwis odd and p = 1 (mod 4),
A—2(n | p)p**sin(47n/p*), ifa is odd and p = 3 (mod 4).
The symbol (z | p) denotes the Legendre symbol.

Salié€’s proof of his theorem is based upon induction. In a recent paper [5] the
author has given a modification of this proof which gives a very short direct
evaluation of A,«(n). Another direct proof has been given by Whiteman [4].

Although the value of 4,(n) is unknown in general the following transformation
formula for A4,(n), namely,

Ay(n) =rm20:‘i ’(r2—4 | pYexp(2minr/p)
is well-known (see for example [3], [4]). It is easily proved by collecting together
the terms in (1.1) for which A4} has the same value r. We have
An)= Y >'  exp(2min(h+h)/p)

rmods hmodp

ht-hemp(mod p)
= 3 expQminrlp) 3 1
rmod p hmod »

h+Aep(mod »)

= Y exp(2winr/p) > 1

rmod » s B mod »
A —rh+-1=0(mod p)

= > exp(2minr/p){1+(*—4| p)}

rmod

= 2 (r"~4| pexp(2minr/p),

rmod p
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as
> exp(winr/p) =0 for n % 0(mod p).

rmodp
In this note we apply this technique to A .(n), where «>2, obtaining a simple
proof of Sali¢’s theorem.

2. Three results. Clearly in applying the above technique to 4,.(n) we will need
the number of incongruent solutions 4 modulo p* of h*—rh+-1=0 (mod p®).
Denoting this number by N «(r) it is easily shown that for a>2 we have

14(r*—4 l p), ifr# £2 (mod p),

4G | YA+ (=1, if r = £2 (mod p),
(2.1) Nyr) = r # £2 (mod p?),

sayr = £2+pf, wherepts and 1 < B <La—1,
p/?l if r = 42 (mod p%).
Two well-known sums will also be needed. These are the Ramanujan sum (see

for example [1])
@2.2) R(m) = 3 exp(eminh]p") = {‘(1): if.:: > ;:

mod p

and the Gauss sum (see for example [4])

(p—1)"/4_1/2
@3 Gum=_ 3" (k| plexp(2mini/p) = {("|P)' P, ﬁ:i L

In each case when a22 the result is easily proved by applying the bijection A—A--p.

3. Proof of theorem. For «>2 we have
Aye(n) = Z' aexp(27rin(h+h)/p“) = 221 acxp(zﬂ-inr/p“) Z' 1,

Amod p rmod p' A mod p%
M-hsme(mod p%)

that is

3.1) Ae(n) = mzc:l aexp(21rinr/ PN (7).
By (2.1) the terms in (3.1) with :io :|:2 (mod p) contribute
(3.2) S,= 3 expQuinr/p){1+(0*—4| p)}.

r mod
Setting r=s-+1p"! in (3.2) we obtain
(33 I, = Za_ expmins/pH{1+(s*—4 | p)} 3 exp(2nmt/ p) = 0.
J;é?:g&fod ?) fmod
By (2.1) the terms in (3.1) with r=242 (mod p®) contribute

(3.4) X, = p'“*Yexp(4in/p*)+exp(—4min/p®)).



1973] THE KLOOSTERMAN SUM REVISITED 365

Noting that N,(r)=N,(—r) the terms in (3.1) with r=42(mod p) and rg
#+2(mod p®) contribute

Ty,= I {expQminr[p®)+exp(—2minr/p*)}N,«(r)

rmod p*
r=3(mod p)
r#2(mod p%)

a1

=3 Z' ﬂ{exp(27rin(2+p’s)/p')

=1 smod p* |
B even

+exp(—2min(2-+pPs)[p)} PP *{1+(s | P}
a—1
= 3 p**{exp(4min[pWRye-8(n)+Gye-8(n))

B=1
peven

. +exp(—4win/p*)(Rye—8(—n)+ G a—p(—n))},
giving
0, if « even,
(3.5) 3, = {p“V{exp(dnin[p N (—1+(n | pi=™ "“p'/?)
t
+exp(—4min[pY(—1+(—n | pi® V7 pP}, if x 0dd,
since by (2.2) and (2.3) each Ramanujan and Gauss sum vanishes except when « is
odd and f=a—1. The theorem now follows from (3.3), (3.4) and (3.5) as

Ap(n) = S, +3,+3,.
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