
ON E X C E P T I O N A L  POLYNOMIALS 

Kenne th  S .  Wi l l i ams  

L e t  f ( x )  b e  a  p o l y n o n ~ i a l  of d e g r e e  d 2 2 defined o v e r  
n  

the  f i n i t e  f ield k  wi th  q  = p e l e m e n t s .  L e t  
9 

If f*(x,  y )  h a s  no  i r r e d u c i b l e  f a c t o r  o v e r  k which  is abso lu t e ly  
a 

i r r e d u c i b l e ,  f i s  c a l l ed  a n  excep t i ona l  po lynomia l  [ I ] .  Davenpo r t  
and L e w i s  have  ~ o t c d  t ha t  when  d i s  s m a l l  c o m p a r e d  wi th  p ,  a  
p e r m u t a t i o n  ( subs t i t u t i on )  polynonlia  1  i s  n e c e s s a r i l y  a n  excep t i ona l  
po lynomia l .  I t  i s  the  p u r p o s e  of t h i s  p a p e r  to p r o v e  the c o n v e r s e ;  
tha t  i s ,  we  w i l l  show the  e x i s t e n c e  of a  c o n s t a n t  a ( d ) ,  depending  only  
on  d ,  s u c h  t h a t  if f ( x )  i s  a n  r x c e p t i o n a l  po lynomia l  o v e r  k , w h e r e  

9 
p 2 a ( d ) ,  t h e n  f (x )  i s  a  p e r m u t a t i o n  po lynomia l .  

If f ( x )  i s  a n  excep t i ona l  po lynomia l  o v e r  k  t hen ,  i n  the 
9 

t e rmino logy  of  [2] ,  f ( x )  i s  a n  e x t r e n ~ a l  po lynomia l  of i n d e x  0. Hence  
by t h e o r e m  1  i n  [2]  we have  

w h e r e  t he  cons t an t  k ( d )  depends  only o n  d  and V(f)  d e n o t e s  the  
n u m b e r  of d i s t i n c t  va lue s  of y  i n  k f o r  which  a t  l e a s t  one  of the 

9 
r o o t s  of f ( x )  = y i s  i n  k . Hence  we  c a n  w r i t e  V(f )  = q - w,  w h e r e  

9  
0 5 w 5 k (d ) .  I t  s u f f i c e s  to p r o v e  t h a t  w = 0. We a s s u m e  w > I  and - 
ob t a in  a  con t r ad i c t i on .  

L e t  the d i s t i n c t  v a l u e s  t aken  by f ( x )  i n  k 
q  

be  r i ,  r 2 ,  . . . , r  
9- " 

and t he  d i s t i nc t  v a l u e s  not  t aken  by f ( x )  be n  i ,  n 2 ,  . . . , 11 . L e t  the  
W 

va lue s  r .  ( I  5 i  5 q - w )  o c c u r  f o r  m . ( l  < i  5 q - w )  v a l u e s  of x s o  
1 

t h a t  P, m .  = q .  Now e a c h  m .  > 1 s o  t h a t  f o r  r  = 1 , 2 ,  . . . , q - w  we  
1 - 

i - I  
have  

Now f o r  t = 1, 2 ,  . . . , w we have  



d  
O n  t h e  o t h e r  hand we  c a n  w r i t e  f(x)  = fo  t f  x  t . .  . Sf x  w h e r e  e a c h  

1 d 
f . ( O 5  i 5 d )  c k . Now if p  2 a ( d ) ,  w h e r e  a ( d )  = d k ( d )  t 2 ,  we  h a v e  

q  
q - 2  2 p - 2  2 d k ( d )  2 d w  s o  w e  c a n  w r i t e  f o r  t = 1, 2 ,  . . . , w, 

t  
{'(x)) = f , ( t )  t f  (')X t . . .  t i  

1 T 2  ( t ) x q - Z .  T h e n  

Now c xj = o f o r  j  = 0,  1, 2 ,  . . . , q - 2 ;  s o  
X F  k  

9 

T h u s  we  h a v e  

9 - w  
( 4 )  C m , r  = 0  ( t  = 2 ,  . . . , w ) .  

i i 
i = l 

Now s e t  m = m  a x  m ,  s o  t h a t  f r o m  ( 3 )  we h a v e  15 m  5 w  t 1. 

1 < i < q - w  
Lf s . ( l  5 j < m )  d e n o t e s  t h e  n u m b e r  of 111,(1 5 i 5 q - W )  with m .  = j, 

J 1 1 

s o  t h a t  

m m  q - w  9- w 
C s .  = C C l = C 1 = q - w  
j = l  J j=i i-1 i=l  

m .  =J 



m m q-w m q-w 9-" 
C j s C  1 = C  X n l , = C  m . = q  
j=1 J j=1  i = 1  J = I  i = l  1 i=l  

n l . = j  n l .  = j  
1 1 

Now r e o r d e r  
r l f  . , ,  

so  that  r l ,  . . . , r have 
9- " 1 

m = . . .  - m  = 1; r 
S 

. . - ,  r  +s have m 
1 

- - 
1 1 1 2  

s +I . . .  = m  
1 

s +s 
1 2  

= 2 ;  . . .  ; r 
s t s  t... t s  tl? . . .  

1 2  
s + . . .  + s  = q-w have 

m- 1 1 n l  
m = . . .  = m  + I  

= m.  Hence ( for  
s  + . . .  + s 

1 
s + . . .  t s  

m- I  1 m 
t = 1 ,  2 ,  . . . , w)  (4 )  becomes  

Thus  ( for  t  = I ,  . . . , w) 

Now I L t ~ w ~ d w < d k ( d ) ~ q - 2  s o  C xt = 0.  Hence 
x f  k 

q 

We next cons ide r  the  two polynonlials ,  both of d e g r e e  w, 

W 

g(6)  = n ( 6  - n.) 
;= I  J 

and 



w - i  
L e t  g . ,  h , ( i  = 0 ,  I ,  . . . , w)  deno t e  t he  coe f f i c i en t s  of 6  i n  g ( € )  and 

1 1  

h(E) r e s p e c t i v e l y .  C l e a r l y ,  = h  = l .  A l s o l e t  G H ( t  = 1 ,  2  , . . . ,  w) 
Po 0 t '  t  

d e no t e  t he  s u m  of t he  t th  p o w e r s  of a l l  of t he  r o o t s  of g(€!) and h(O), 
r e s p e c t i v e l y .  T h u s  by ( 5 )  G = H ( t  = 1, 2 ,  . . . , w ) .  Newton ' s  f i r s t  

t t  
w i d e n t i t i e s  f o r  g (6)  a r e  

t -  1 

( 6 )  c Gt- igi + tg t  = ( t  = 1, 2 ,  . . . , w ) .  

i = O  

Now p  2 dk (d )  + 2 > dk (d )  > k ( d )  - > w s o  the  coef f ic ien t  of g i n  (6)  
t  

d o e s  no t  v a n i s h  i n  k  . H e n c e  the  w equa t i ons  c a n  be  so lved  
q 

s u c c e s s i v e l y  and unique ly  f o r  g  . . ,  gw i n  t e r m s  of G . . . , G ; 
1' W 

-1  2  
g1 = - G1, gZ = 2 (G1 - G 2 ) ,  e t c .  S i m i l a r l y  we ob t a in  h  = - H 

1 1 '  
- 1  2 

h2 = 2 (Hi - H Z ) ,  e t c . ,  and so  a s  G = H we  have  gi = h f o r  
t t  i 

i = 0 ,  1,  2 ,  . . . , w.  Hence  g ( e )  h (6)  and s o  I n 1 , .  . . ,n ' m u s t  b e  
w 

a  r e a r r a n g e m e n t  of { r  . . . , r  ) . T h i s  i s  c l e a r l y  i m p o s s i b l e  a s  
1  9-  

the  r ' s  a r e  d i s t i n c t  f r o m  the  n ' s  by def in i t ion .  T h i s  co rnp l c t e s  the  
p r o o f .  
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