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L e t  p  denote a  p r i m e  number  and le t  k denote the f in i te  
P  

field of p  e l e m e n t s .  Le t  f (x)  E k [x] be of f ixed d e g r e e  d  2 2 . 
P 

We suppose  tha t  p  i s  a l so  f ixed,  l a r g e  compared with d  , s a y ,  

p  2 po(d)  . By V(f)  we denote the number  of d i s t inc t  va lues  of 
1 .  f (x )  , x E k . We c a l l  f m a x i m a l  ~f V(f) = p and quas i -max imal  

2 

P 
i f  V ( f )  -- p t O(1) . Clear ly  a  m a x i m a l  polynomial  i s  q u a s i - m a x i m a l  
but i t  i s  not  known under what conditions the converse  holds.  As 

dV(f)  2 p , the m i n i m u m  poss ib le  va lue  of V(f) i s  - > [y] t 1 . 

d 
When f (x)  = x and p  E 1 (mod d )  , V(f) = 

d 

i s  i n  f a c t  the  ac tua l  m i n i m u m .  If V(f) = t 1 we c a l l  f a  
d  

m i n i m a l  polynomial  and if V(f)  L- t O(1) a  q u a s i - m i n i m a l  poly- 
d  

nomial .  C lea r ly  a  m i n i m a l  polynomial  i s  a  quas i -min imal  poly- 
nomia l  and Morclell has  noted in an  addendum to 171 that  the c o n v t r s e  
i s  t r u e  f o r  p z p  (d )  . I t  s e e m s  reasonab le  to conjec ture  that  a  

0 

q u a s i - m a x i m a l  polynomial  i s  m a x i m a l  f o r  p  2 p (d )  . 
0 

It  i s  the purpose  of th i s  paper  to genera l i ze  the i d e a s  of 
q u a s i - m a x i m a l  and quas i -min imal .  We s e t  

Dickson [ h ]  c a l l s  such a  polynomial  a  substi tut ion polynomial .  
2 

We sha l l  s e e  l a t e r  tha t  these  a r e  the exceptional  polynomials  
of Davenpor t  and Lewis  [5] .  (See Coro l l a ry  1 and T h e o r e m  2 .  ) 
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and c a l l  f ( x )  a n  e x t r e m a l  polynomial  of index P i f ,  i n  the (unique) 
clecomposit ion of f"(x, y)  into i r r e d u c i b l e  f a c t o r s  in  k p [ x  y]  , 

t h e r e  a r e  B l i nea r  f a c t o r s  and no non- l inea r  absolu te ly  i r r e d u c i b l e  
4 

f a c t o r s .  C lea r ly  0 - < 1 5 d - 1  . F o r  example ,  f (x )  -- x i s  e x t r e m a l  
of index 1  when p  5 3 (mod 4 )  s ince  

i s  i r r e d u c i b l e  but not  absolu te ly  i r r e d u c i b l e .  When p  s 1 (mod 4) 
2 

the-re e x i s t s  w E k such  that  w = - 1  so  that  
P  

4  
hence  f ( x )  = x i s  e x t r e m a l  of index 3 i n  th i s  c a s e .  On the o the r  

3 
hand,  f (x)  = x + x i s  not a n  e x t r e m a l  polynomial  a s  

3 
( x  t x )  - (y  

3 
2 2 

ty) = x t x y  t y  t l  
x- Y 

i s  absolu te ly  i r r e d u c i b l e  i n  l i  [x ,  y ]  f o r  any p r i m e  p > 3 . 
P 

THEOREM 1. I£ f (x )  i s  e x t r e m a l  of index B then 

P r o o f .  A s  f (x )  i s  e x t r e n l a l  of index P we can w r i t e  

w h e r e  each  2 ,  (x, y)  i~ l i nea r  s o  tha t  1 (poss ib ly  0 )  i s  the index  
1 

of f and each  h (x ,  y)  i s  i r r e d u c i b l e  but not  a L ~ s o l u t e l y  i r r e d u c i b l e  
J 

in  k  [r, )-] . Clearly n o  two of g l .  g2. . . - a r e  a s s o c i a t e s  and 
P 

none i s  a s soc ia t ed  with ( x - y )  . Let 



and s u p p o s e  tha t  s o m e  a .  = 0 . Then  
1 

f ( x )  - f ( y )  = (x -y ) (b .y+c i )g (x ,  1 y )  

f o r  s o m e  g (x ,  y )  E k [x ,  y]  . Now b.  # 0 , o t h e r w i s r  g .  would 
P  1 1 

not  b e  l i n e a r ,  so o n  taking y  = - c .  / b .  we have 
1 1  

cont radic t ing  d  2  . Hence  no a .  = 0 and s i n ~ i l a r l y  no  b .  = 0 . 
Q 

1 1 

Se t  a  = n a .  , di = b i / a .  1 and e ,  = c , / a ,  so  Lhat 
i = i  

1 1 1  

Q 111 

f'?(x, y )  .- a  n ( x t d . ~  + e , )  n h . ( x ,  y )  . 
1 

i =1 j z l  J 

Now le t  N (r  = 2, 3 ,  . . . , d )  denote  the, n u m b e r  of so lu t jons  of 
r 

f(x ) = f ( x 2 )  = . . . = f (x r )  
1 

with x. # x (i j ,  1 ,  j r ) .  T h i s  s y s t e m h a s  the s a m e  n u m b e r  
l j  

of so lu t ions  a s  the  s y s t e m  

= n (X + d . x  + e . )  n h . ( x l , x r )  = 0 
1 1 r  1 

i  = I  j = I  
J 

with x. f  x .  ( i  # j ,  Z l i ,  j ~ r )  . Now i t  i s  known ( s e e  f o r  e x a m p l e  
J 

[ i]) tha t  if f ( x ,  Y )  E k [x, y ]  i s  i r r e d u c i b l e  but not  absolu te ly  
P  

i r r e d u c i b l e  then  f (x ,  y )  = 0 h a s  O(1) so lu t ions .  Hence  N 
r 



d i f f e r s  f r o m  the number  N' of solutions,  with X. # X .  
r  1 J  

( i  # j, z s i ,  . j < r )  , of 

by only O(1) . Since for  any i  and j with i f j ,  i < i ,  - jfP 

x t d . y t e .  = x t d . y  t e .  = 0 
1 1  1 1 J  J 

h a s  0 o r  1 solutions (gi ,  g .  a r e  not a s s o c i a t e s )  
J 

where  N(i2,  i3 ,  . . . , i r )  denotes the number  of solutions of 

(2 x t d .  x t e .  - . . .  = x  +d x. t e ,  = o 1 1 2  1 
2 2 

1 i r  I 
r  

with xi # X .  (i f j ,  2 1 i ,  j 1 r )  . Now 
J 

x Sd x t e i  = x t d .  x -ke, = O  
l i m  1 1 n  1 

ITI m n n 

with i  = i  gives x = x  so  
r n  n m n 

L e t  N'( i  . . . , i  ) denote the number  of solutions of (2)  without 
2' r  

the conditions x, # x, ( i  f  j, 2 ( i ,  j z r )  . As 
l J  

x t d .  x t e .  = O  ( 2 <  k <  r )  
i l l <  1 

- - 
k I< 



has one solution x for  each x 
k 1 '  

Now, a s  the number of solutions of 

(where n l f  n, 2 5 m ,  n l r )  i s  0 or  1 , 

giving 

Now let  M ( r  1, 2 ,  . . . , d )  denote the number of y E k 
r P 

for which the equation f(x) = y has  precisely  r dist inct roots  
in  k . Then 

P 

and 

d 



Thus 

s o  that  
d N 

a s  requ i red .  

COROLLARY 1. If f (x)  i s  e x t r e m a l  of index 0 then f 
i s  quas i -maximal .  

COROLLARY 2 .  If f (x)  i s  ex t remal  of index d -  1 then 
f i s  quas i -min imal .  



We now prove  the c o n v e r s e s  of c o r o l l a r i e s  1 and 2. 

THEOREM 2. Lf f (x)  i s  q u a s i - m a x i m a l  then f (x )  i s  
e x t r e m a l  of index 0 . 

P r o o f .  As  f (x )  i s  quas i -maximal  

V(f) = p + O(1) . 

Set M = M  + . . .  + M  s o t h a t f r o m ( 3 )  we have 
2 d 

Eliminating M1 we have M = O(1) s o  that each M. ( i  3 2) i s  
1 

O(1) . Hence N = O(1) . Now if ?(x ,  y )  h a s  t  absolutely 
2 

i r r e d u c i b l e  f a c t c r s  ( l inea r  o r  non- l inear)  i n  k [x, y]  then by a 
P 

r e s u l t  of Lang and Weil ( s e e  f o r  example  L e m m a  8 i n  [ill), 

f"(x, y)  = 0 h a s  tp + O(p ' I 2 )  solutions.  Hence t  = 0 a s  r e q u i r e d .  

THEOREM 3 .  Lf f (x )  i s  quas i -min imal  then f (x )  i s  
e x t r e m a l  of index d - 1 . 

P r o o f .  Th i s  was  proved by Mordel l  in  [7]. 

F inal ly  we calcula te  the number  Vn(f) of r e s i d u e s  of a n  

e x t r e m a l  polynomial  i n  the sequence 1, 2 ,  . . . , h,  where  h 5 p . 
( H e r e  we a r e  identifying the e lements  of k with the r e s i d u e s  

P 
1, 2, . . . , p (mod p ) .  ) We r e q u i r e  a l e m m a .  

LEMMA. If f (x)  i s  a n  e x t r e m a l  polynomial  of index 1 
then,  f o r  r  = 2, . . . , d , 

uniformly i n  t  f 0 , the implied constant  depending only on d . 
(e (u )  denotes  e x p ( 2 ~ r i u / p ) ) .  



P r o o f .  F r o m  the proof of the e s t ima t ion  of N i n  
r 

T h e o r e m  1 we s e e  tha t  

P- 1 

> e ( t f (x  ) )  = 
I? ,lI I x f +  o(11 

X . . . ,  X =o  
1 '  

1< i  . . . , i < B  x  t d  x  t e .  
r  - 2'  r 1 i 2 1  

i f i  
2 2  

x i # x .  ( i # j )  
J m n - - . . .  

f ( x  )= .  . . = f ( x  ) 
1 

m # n = x  t d  x  t e  
r l i r i  

2 5 m ,  n L r  r r 
= 0 

by a  deep  r e s u l t  of Car l i t z  and Uchiyama [3] .  

THEOKEM 4.  If f ( x )  i s  a n  ex t r e rna l  polynomial  of 
index  P the n u m b e r  V ( f )  of r e s i d u e s  of f (x )  (mod p )  in  the  

h  
s e t  ( 1 ,  2 ,  . . . , h) i s  given by 

P r o o f .  L e t  N (h )  (r  = 2 ,  3 , .  . . , d )  denote the  nurnbcr of 
r 

so lu t ions  of 

with y t  { 1 , 2  , . . . ,  h) and x i # x .  ( i f j ) .  Then 
J 

h  
N (h )  = C x ' 

r 1 ,  
y = l  x  , . . . , x  

1 r 

w h e r e  the  d a s h  ( ' ) denotes  s u m m a t i o n  o v e r  x i ,  . . . , x sa t i s fy ing  
r 

x ,  # x .  ( i # j )  and f ( x  ) = . . .  = f ( x r ) =  y .  Thus  
1 J  1 



by the l emma and the fami l ia r  r e su l t  

p - l  h 
C 1 C e ( - t z ) ( ( p  l o g p .  

t = l  z = l  

Hence appealing toTheorem 1 we obtain 

Nr(h) = 1 ( f - l )  . . . (1 - ( r - ~ ) ) h + ~ ( ~ l ~ ~  log p )  

Now i f  M (h) (r  = 1 ,  2 ,  . . . , d )  denotes the number of y E { I ,  2 ,  . . . , h) 
r 

fo r  which the equation f (x)  = y has p rec i se ly  r  d is t inct  roo t s  i n  
k we have 

P 

and 

The f i r s t  of these  i s  obvious and the second is due to Mordel l  [8 ] .  
Corresponding to (4) we have 

N (h)  = C s ( s -  l )  . . . ( s  - ( r -  l ) )Ms (h )  
r  

s  =r 



and the r e s t  of the  proof i s  the  s a m e  a s  i n  T h e o r e m  1 with 

Vh( f ) ,  M (h).  N ( h ) ,  h  r ep lac ing  V ( f ) ,  M r j  Nr,  p  r e s p e c t i v e l y .  
r r 

T h i s  p r o v e s  a  con jec tu re  of the author  [9] i n  the  c a s e  of e x t r e m a l  
po lynomia l s .  When the  index  1 i s  2 1 i t  shows tha t  the  l e a s t  

112 
pos i t ive  non- res idue  of f (x)  (mod p )  i s  O(p log p )  . This  h a s  
been  proved f o r  m o r e  g e n e r a l  polynomials ,  without obtaining a n  
a s y m p t o t i c  f o r m u l a  f o r  Vh(f) , by B o m b i e r i  and Davenpor t  [2], 

using the  r e c e n t  w o r k  of B o m b i e r i  on the L-funct ions  co r re spond ing  
to mul t ip l e  exponent ia l  s u m s .  
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