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In 1940, I. Niven [2] proved that the gaussian integer 
z = x t i y  i s  the sum of two squares of gaussian integers  if ,  and 

1 1 
only if, y i s  even and not both of -x and - y a r e  rational 

2 2 
odd integers.  In this note we calculate the total number g ( z )  

2 
of representations of z in  this form.  Now 

where a ,  b, c ,  d a r e  rational integers ,  if and only if 

(2 z = {(a-d)  + i (b tc) )  {(a+d) t i(b-c)) . 
Thus 

(a-d) + i ( b t c )  = z 
1 

Re(z ) t R e ( z  ) E 0 (mod 2) 
1 2 

(a+d) t i ( b -  c )  = z 
2 Im(z l )  + h ( z  2 ) ; 0 (mod 2) 

a ,  b,  c ,  d r a t .  ints , 

Re(zl)  t Re(z / z i )  E 0 (mod 2) 

h ( z  ) + h ( z / z  ) G O  (mod 2) 
1 1 
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We can write z in the fo rm 

where € = ? I ,  j i ;  0 2 0 ,  0 . 2 0  ( j = i , Z  ...., k ) ,  P j , O  
1 

( j  = 1 , 2 ,  ..., 1 )  , n = u . + i v  ( j  = 1 , 2 ,  ..., k) where u.: 1 (mod 2 ) ,  
j ~ j  J 

2 2 
v E 0 (mod 2 )  and u + v . = rational p r ime  z 1 (mod 4)  and 
j j J 

qi ( j  = 1 , 2 ,  .. . , P )  i s  a rational p r ime  5 3 (mod 4)  . Now if 
J 

z I z we can  write z i n  the form 
1 1 

where 6 =+1 , +i  , O s y  L a ,  01 y .  5.. ( j  = 1 , 2 , .  . . ,  k) and 
J J 

0 5 6 . 5 P  = 2  . 1 ) .  Hence 
J j . . 1 Sc P 1  Pm 

(5) g2(z) = z C C .. . C C . . . C' 1 , 
6 y=O y =O y =o 6 = 0  

1 
6 = O  

1 k P 

where the dash ( ) denotes that the summation i s  only taken 
over those 6.  y,  yi ,  . . . , yk, . . . , 6  satisfying 

P 

3 Q-y =o?i-" 1 Y y k  P1-61 pi - 6 ~  
+ R e ( ~ b ( l + i )  . . .  T q1 . ''IP 

) E 0 (mod 2) 
k 



Hence 

where the double dash  ( ' I )  denotes that the summation i s  now 
taken over those y ,y 

1' - -  - '  yk,  6 . . . , 6 satisfying 
I 

3 - Y 1  %-Yk P1-61 P -6  
+ Re(E(l+ i)a-Y n 

1 .. .nk 91 .. . q P  
") z 0 (mod 2) 

3 - Y 1  S , - Y k  Pi-61 P - 6  
* .=k 1 .qP ') E 0 (mod 2). 

Now a s  each n i s  of the f o r m  u. + iv  , where u i s  odd and v 
j J j j - j 

i s  even ,  the expression 

i s  of the s a m e  f o r m ,  and a s  each q i s  odd, s o  a l so  i s  
j 

Hence 

(11) ~ e ( ( l + i ) ~ n  Y1 Yk 61 6~ 
1 " . n k  qi . . qP ) z Re( ( i+ i lY)  (mod 2) 



Y1 Yk 1 
6 

(12) h ( ( 1 t  i)' n1 . . . n k q1 . .- q, 5 z I m ( ( 1 t  i lY)  (mod 2) . 
Similar ly  

(mod 2)  
and 

(mod 2) . 
Thus 

~ e ( ( 1 t  i lY)  + Re(E(l+ i)Q-Y) r 0 (mod 2)  

Im((1t ilY) + I m ( ~ ( l +  i)Q-Y) E 0 (mod 2)  

and s o  

where  
ff 

(16) h (a ,  E) = c 1 
y=o  

~ e ( ( 1 t i ) ~ )  + R e ( ~ ( l + i ) @ - ~ )  5 0 (mod 2)  

~ m ( ( l + i ) ~ )  + ~ m ( E ( l + i ) ~ - ~ )  5 0 (mod 2) 



0 
Now when 0 ,  2 , 2 1 ( 1 t i )  so 

0 0 
R e ( ( l + i )  ) E I m ( ( 1 t  i) ) : 0 (mod 2 )  . 

When 0 = 1 

8 8 
R e ( ( 1 t i )  ) 5 I m ( ( 1 t i )  ) 5 1 (mod 2) 

and when 8 = 0 

8 
(mod 2 )  , I r n ( ( 1 t i )  ) 0 (mod 2) . 

Consequently the only t e r m s  which contr ibute  to  the s u m  i n  (16) 
a r e  given by 

when E = +  1 ,  and by 

(18) a = 2 , y  = l ;  2 L y - 5 ~ - 2  

when E = + i . Hence finally we have 

(19) g (z )  = 4(a  ti) . . . ( % + l ) ( P i + l )  . . . (P + I )  h ( a ,  E )  , 
2 1 .e 

where  

h(0,  fl) = 1 , h(0, - t i )  = 0 , 

h(1,E) = 0 , 

h(2,  c) = 1 

and 

h(Cz,E) = f f -  3 (a, 3)  - 
I t  i s  e a s y  to  s e e  that  g ( z )  = 0 if and only if h(a ,  E) = 0 . F r o m  

2 
the l i s t  of values  of h (a ,  E) we c a n  ver i fy  that  th is  o c c u r s  if and 

1 1 only if y i s  odd o r  y i s  even and both -x and -y a r e  odd 
2 2 

in tegers .  This  p rov ides  a n  a l t e rna t ive  proof of Niven's t h e o r e m .  
Another proof h a s  been  given recen t ly  by Leahey [ I ] .  
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