- ON A THEOREM OF NIVEN
Kenneth S. Williams

(received October 27, 1966)

In 1940, I. Niven [2] proved that the gaussian integer
z = x+iy is the sum of two squares of gaussian integers if, and

only if, y 1is even and not both of %x and %y are rational
odd integers. In this note we calculate the total number gz(z)
of representations of z in this form. Now

2
)

(1) 2 = (a+ib)® + (c+id)® |

where a,b,c,d are rational integers, if and only if

(2) z = {{a-d) + i(b+c)} {(a+d) + i(b-c)} .
Thus
g,(z) = Z 1 = Z 1
Zi ) ZZ Zi , ZZ
Zizz = Z zizz = Z

Re(z1)+Re(z2) =0 (mod 2)

(a-d) +i{b+c) = z,

(a+d) +i{b-c) = z, | Im(zi) +I_rn(zz) =0 (mod 2)

a,b,c,d rat. ints,

- Y 1

zilz
Re(zi) +Re(z/z1)5 0 (fnod 2)

I_rn(z1) +I_rn(z/z1) =0 (mod 2)
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We can write z in the form

‘ @ g g
(3) z=e(1+i)an11...nk% qii...qzz ,

where e=+1, +i; >0, arJ_ZO (j=1,2,...,k), ﬁjZO
(i=1,2,...,42), "j=uj+ivj (j=1,2,...,k) where ujzi(mod 2),

v.z= 0 (mod 2) and uZ. + v'j". = rational prime = 1 (mod 4) and
q. (j=1,2,...,4) is a rational prime = 3 (mod 4) . Now if
z, |z we can write z, in the form

Y Yie 8y 5,

= 0nY 1
(4) z, §(1+1) L e T 4Q -4

where § =+, +i, 0<y<w, Ostf.a’j (j=1,2,...,k) and

0<6_§ﬁj (j=1,2,...,2) . Hence
- )

o« % % By By
(5) gz(z)=z = Z ... = z s =t 1,
= = =0 5§ =0 =
6 y=0 Yi Yk 1 61 0

where the dash (') denotes that the summation is only taken
over those §,v, Yoo Yy 61, vy 61 satisfying

(" Res(1+1)Y "1”1 nkYk qi61 qjl)
+ Re(563(1+i)a_Y wji-Yi. . w:k-yk qfi_ﬁi. . .qfi_ﬁl) = 0 (mod 2)
(6) J and
11711(6(1+i)Y TriYi ce kak q161 ql‘sl)
L+ Im(es (1+1)%7Y n:‘-v‘. : .‘n':k—Yk qfi-si. . .qf‘-s’l) = 0 (mod 2).
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Hence

e N % Py Ay
(7) g,(z) =4 = zZ ... = z ...zt oq,
= =0 = =0 =0
vy =0 Yy Yy =0 &, 61

where the double dash (") denotes that the summation is now
taken over those v,y ... Yy 61, cens 61 satisfying

1
( Re((1+1)Y 'rrZi.. .'n':k qi61 cee q;l )
+ Re(£(1+i)a—Y -n':i-Yi. . .11':1{-\(k qf1-61. . qfl—s‘e = 0 (mod 2)
(8) Jand
Im((1+1)Y n:1 ...n:k q151 : q:’l )
\+ Im(e(1+i)a_y1r:1-y1. . .11':k—Yk qf1-61. . .qfl-s‘e) = 0 (mod 2).

Now as each 'rrJ. is of the form uj +ivj , where u, is odd and v,
J
is even, the expression .

(9) T el T

is of the same form, and as each qj is odd, so also is

5 5
(10} Yy Yie %y ]
11'1 « e -n'k q'1 v e ql .
Hence
Y Y 4] 4]
. 1 K
(11) Re((1+i)Ym, 1o q, 1o q, 1) 2 Re((1+1)Y) (mod 2)
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and

Y Y 6 6
_ 1 k 1 ,
(12)  Im((1+i)Y Mo eeemooq o -..q, Ly - m((1+1)Y) (mod 2) .
Similarly
-~ Y -Y,, B,-% B,-d
(13) Re(e(1+i)ay1-r11 1...1T:k k 11 1...q££ 1) s Re(e(1+if7Y)
(mod 2)

and

(14) Im(e(1+5)% Y x

Thus

and so

(15)

where

(16)

@, -y -y, B,-8 B,-6
o TR T Loa b Y s me(1+)®7Y)

1 k 1 Y
(mod 2) .
o ai Qk B'1 BE
gz(z) =4 = Z ... = Z ... Z 1
= = = :O =
y =0 y1 0 Vi 0 6 61 0

Re((1+1)Y) + Re(e(1+1)* Y) = 0 (mod 2)

Im((1+1)Y) + Im(e(1+1)* Y) = 0 (n.'10d 2)

gz(z) = 4(a1+1) (ak+1)(;31+1) (ﬁ]Z +1)h (e, €) ,

a
h(z, €) = by 1
y=0

Re((1+i)Y) +Re(e(1+1)* Y) = 0 (mod 2)

Im((1+i)Y) + Im(e(1+i1)* Y) = 0 (mod 2)
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.0
Now when 6> 2, 2|(1+i) g0

Re((1+i)e) = Im((1+i)e)

0 (mod 2) .

When 6 =1

Re((1+i)e) = Irn((1+i)e) 1 (mod 2)

and when 6 =0

R.e((1+i)e) =z 1 (mod 2), Irn((1+i)e) =0 (mod 2) .

Consequently the only terms which contribute to the sum in (16)
are given by

(17) a=y =03 a=2,vy=1; 2<y<a-2

when €=+1, and by

(18) o=2,y=1; 2<L<y<La-2
when € = +i. Hence finally we have
= + 1) h (e, '

(19) gz(z) 4(a1+1) (a'k 1)(f31+1) (ﬁl 1) h (@, )
where

h(0, +1) =1, h(0, +i) =0,

h(i,e) = 0 ’

h(2,¢) = 1
and

h(o,€) = a- 3 (a> 3) .

It is easy to see that gz(z) = 0 if and only if h{e,€) =0 . From
the list of values of h(w, &) we can verify that this occurs if and

only if y is odd or y is even and both %x and %y are odd

integers. This provides an alternative proof of Niven's theorem.
Another proof has been given recently by Leahey [1].
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