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Let p be a prime and let f(z) be a quartic polynomial with integral coefficients.
I consider the problem of estimating the least non-negative non-residue &k of f(z) (mod p)
(I omit the mod p hereafter), for large primes p, so f(z) = r has a solution for

r=0,1,..., k=1
but not for » = k. The same problem for cubics has been considered by Mordell ((1)), who
showed that k= O(pi- (logp)z), (1)

as p - 00, where the constant implied in the O-symbol is independent of the coefficients
of the cubic. In fact a more detailed examination of Mordell’s proof gives the better

estimate k = O(pt(log p)). (2)

It is the purpose of this paper to show that this same estimate also holds for quartic
polynomials.
Without any loss of generality we may take f(x) as

f(x) = axt+cax?+dx+e. | (3)

Denote by N, the number of solutions of f(x) = . Then N, = 1,2,3,4for0 < r < k-1
and N, = 0. Suppose that N, = 1, 2, 3, 4 occurs for n,, ny, 1y, 1, values of r respectively.

Then Nyt ng+nyg+ny =k. 4)
Taking the special case n = 4 in Mordell’s paper ((1), equation (8)) we have

k
> N, < k+1+4ptlogp
r={(

and so Ny + 2ny+ 31y + 40y < k+ 1+ 4ptlogp. (5)
Hence from (4) and (5) we obtain
k < 1+4ptlogp+n,. (6)
Thus to obtain an upper bound for k we require only a suitable estimate for n,.
Let D(r) denote the discriminant of f(z) —r. Then we have
D(r) = Ar®*+ Br*+Cr+ D, (7
where A = —256a3,
B = 128a?%(6ae — c?),
C = 16a(16ac?e — ct — 48a2%? ~ Yacd?),
D = a(256a%3— 128ac?e? + 16¢cie — 27ad? + 144acd?e — 4c3d?).
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Divide the integers r satisfying 0 < r < k—1 into 2 classes according as p{D(r) or
p|D(r). We call the second class the exceptional values of r. As D(r) is a cubic in 7 there
are at most 3 exceptional integers r. For ¢ = 0, 1, 2, 3, 4, we let I, denote the number of
non-exceptional r such that f(x) = r has exactly ¢ solutions and m; the number of
exceptional 7 such that f(x) = » has exactly 7 solutions. Then
niy= l{+mi (i=0, 1’273:4)3
ly=my =0,
o, (8)
m, =0,
my+my+mg < 3.

By a result of Stickelberger ((3)), for non-exceptional r,
D(r))
il =(-1 4—v,.’
(52) = -1

where v, denotes the number of irreducible factors (mod p) of f(x) — . Hence f(z) = r,
for any non-exceptional r, has exactly 1 or 4 solutions if and only if

(%?)=+L o (9)

Hence D(r)
1, +1, = number of non-exceptional r with (—p—) =1
= number of r with (?) =1,
and so using (8) we have

n, < m+3, (10)

where m denotes the number of r satisfying 0 < r < k-1 with (D(r)/p) =+1. As
(D(r)/p) = +1 or —1 except for at most three values of » we have

o 5[]
where 0<z<3. (12)
-5

Following the usual procedure for incomplete sums we write
pa- 2 E () G-
(the inner sum is zero if r & s and p if » = 8) and isolate the term with ¢ = 0, We obtain
= G R aoolg )

Hence as -1
X

t=1

k 1

<plogp _ (14)

f=
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for large p, we have pl4| < kO + Oplogp, (15)
where @ is any upper bound for
1 D(s))
e(—st
az=:0 ( V4 ( )

which isindependent of ¢ = 0,1, 2, ..., p — 1. Suppose that D, (s) denotes the square-free
part of Dfs), Le. Dis) = Dy(s) (Dy(s)*  (modyp) (16)

for some polynomial D,(s) with integral coefficients. As D(s) is a cubie, Dy(s) = 0 has
at most one solution, Thus we have
5 (D 1('9)) e(—st)|+1

) (D(B’)( @ <[

8=0

(17)

for ¢ =0,1,2,...,p—1. As D,(s) is square-free (mod p) by a result of Perel’'muter
(Hepeabmyrep ((2))), thislast sum is O(pt),where the implied constant is absolute. Hence

we may take ® = O(ph), (18)
where the implied constant is absolute. Thus as k < p we have from (15) and (18)

A = O(ptlogp). (19)
From (11), (12), (13) and (19) we obtain

= §+O(pilogp). (20)

The required result then follows from (8), (10) and (20).
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