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EISENSTEIN'S CRITERIA FOR ABSOLUTE
IRREDUCIBILITY OVER A FINITE FIELD

Kenneth S. Williams
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Let p denote a prime and n a positive integer. Write
q-= pn and let kq denote the Galois field with q elements. The

unique factorization domain of polynomials in m(> 2) indeter-
minates xi, e ees xm with coefficients in kq is denoted by

kq[xi, veey xm]. It is the purpose of this note to prove the follow-
ing generalization of Eisenstein's irreducibility criteria and to
point out some of its consequences.

THEOREM 1. Suppose f(xi, eeey xm) is a (not necessar-
ily homogeneous) polynomial e kq[xi’ R xm] , such that, if f
is regarded as a polynomial in some indeterminate xi(i <i< m)
of degree d(1 < d < q) then there exists an absolutely irredu-

cible polynomial (xi, RS T . xm) with coefficients

i-1 +1

in kq, with the properties
.2 '
_Hfd, },|fr(r=0,1,...,d—1)and P Ifo,

where fr denotes the coefficient of :l:ir (r=0,1,.. .‘, d). Then

f is absolutely irreducible in k [x,,...,x ].
q 1 m

Proof. Without loss of generality we can take i =m.
As kq[xi, . xm-1] is a unique factorization domain and p is

an irreducible element in it, by Eisenstein's irreducibility

criteria (see for example [2]), f is irreducible in k [xi, ce ,xm].
q

Suppose however that f is not absolutely irreducible in
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]
k [xi, e, xm] . Then there is a normal extension k of k
q

q
over which f splits into a > 2 conjugate factors, say,
a
f(xi, e ,xm) =1 (gs(xi, . ,xm).
s=1
Taking x =0 we obtain
m
a
fo(xi' . 'xm-i) =1 hs(xi' . 'xm-i)'
s=1
where
hs(xi' .. 'xm-i) = gs(xi, .o 'xm-1'0)°
1
As ﬁl f over k and soover k we have
° q
a
Plm n
s=1
!
over kq . But ﬁ is absolutely irreducible over kq and so is
t

irreducible over kq . Hence )
Pln
]
]
over kq , for some s(1 < s< a). By conjugacy this is true for
all s(1<s<a).

Let
hs =ﬁls (s =1)27 "‘la)

1
h =
where ls ls(xi, ,xm_i)e kq [xi, X _1]. Then
a
a
f =1 h=5F,
o s
s=1
a
where £ = I 1s is defined over k . This contradicts
s=1 q
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a>2 as.}szo.

COROLLARY 1. Suppose f is such that there exists a
linear polynomial { (xi, cens xm-i) ¢ kq[xi, ey xm-i] with the

properties

2
! Ifd, [} Ifr(r-o,i,...,d-i) and 1 Ifo

Then f is absolutely irreducible in k [x,,...,x ].
q 1 m

Proof. This follows immediately from theorem 1 as a
linear polynomial is always absolutely irreducible.

]
) €

COROLLARY 2. If f(x,,...,x_ )¢ kq[xi, X

has at least one absolutely irreducible factor }(xi, e, X

)2 m-1
kq[xi""'xm-1] such that P° | f then

f(xi. . "xm-i) -x_

is absolutely irreducible in k [x,,...,x ].
q 1 m

Proof, This is obviously a special case of theorem 4 and
provides a generalization of lemma 3 of [1].

Note. Theorem 1 need not be confined to finite fields, it
could have been stated for any field which is not algebraically

closed, as the proof is quite general.

We now prove theorem 2 which provides a generalization
of corollary 3 of [1].

THEOREM 2. Let f(xi, cen ,xm) be a (not necessarily
homogeneous) polynomial e kq[xi’ ey xm] of degree

d(1 < d< q) and let aekq. Set
.fa(xi,...,xm)=f(xi,...,xm)-a

and
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* d
fa (xo, ey xm) =% fa(xilxo' ..y xm/xo).

Also for r =0,1,...,d let

Lie

r -
f.a (xi,...,xm)

o x =0.
(Note that far only depends on a when r =d). Suppose there
exists an absolutely irreducible polynomial %(xi, cens xm) €

kq[xi' ceos xm] with the properties

r 2 o
b |£" (r=0,1,...,d-1) and b lg,
Then f is universal - that is, for any a ¢ kq there are

Y1. .- -.Ym € kq such that

f(y1....,ym) =a,

provided q > D(m, d), where D depends onlyon m and d.

Proof. We have

* d r r
£ (x,00., )= Z £ " (x,,.0.,x )x .
a () m =0 a 1 m o

r
d . d .
As fa is a constant ﬁ[ fa. except when the constant is zero,
In that case (Yi’ cees ym) =(0,...,0). Otherwise, by theorem 1,
" ‘
fa is absolutely irreducible in k . Hence by a theorem of Lang
and Weil (see for example [1],p.12) the number N of zeros of
*
f in k_ satisfies
a q

IN-q™| < Alm, ) "7 V2,

where A(m, d) depends only on m and d. Let N1 denote the

E 3
number of zeros of fa in k with x = 0. Then (see for
q
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example [1],p.12)
1

N1 < B(m, d)qm-

where B(m, d) depends only on m and d. Now N_ - the num-

2
*
ber of zeros of f in k with x =1 - satisfies
a q o
N1 +(q-1)N2=N
S0
m-1 i m m-1
NZ-q = 1 {(N—q)-Ni+q }.
Hence
m-1 i m m-1
< 1 {Am-i/2+qu-1+qm-i}
q-1
< E{ Aqm-1/2+qu-1/2+qm-1./2}
m-3/2
= Cq ,

where C=2(A+B +1) depends only on m and d.

Hence
NZ S5 qm-i . Cqm- 3/2
and so
N2 >0
provided q> D(m, d),

2
where D = C depends only on m and d as required.
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