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Chapter 6, Question 22

22. Prove that the discriminant of the trinomial polynomial xn+ax+b ∈ Z[x],
where n is an integer ≥ 2, is

(−1)(n−1)(n−2)/2(n− 1)n−1an + (−1)n(n−1)/2nnbn−1.

Solution. Let f(x) ∈ Z[x]. If f(x) is monic and x0 ∈ C we show that

disc((x− x0)f(x)) = f(x0)
2disc(f(x)). (1)

Let x1, . . . , xn ∈ C be the roots of f(x). Then the roots of (x− x0)f(x) are
x0, x1, . . . , xn and

disc((x− x0)f(x)) =
∏

0≤i<j≤n

(xi − xj)
2

=
∏

1≤j≤n

(x0 − xj)
2

∏
1≤i<j≤n

(xi − xj)
2

= f(x0)
2disc(f(x)),

which is (1). Next we show that

disc(xm + c) = (−1)
m(m−1)

2 mmcm−1, m ∈ N, c ∈ Z. (2)

Let g(x) = xm + c. Let θ1, . . . , θm ∈ C be the roots of g(x) so that

θ1 · · · θm = (−1)mc.

Then

(−1)
m(m−1)

2 disc(xm + c) =
m∏

i=1

g′(θi) =
m∏

i=1

mθm−1
i

= mm(θ1 · · · θm)m−1 = mm(−1)m(m−1)cm−1

= mmcm−1,

which is (2).
We now determine disc(xn + ax + b), n ∈ N, n ≥ 2, a ∈ Z, b ∈ Z. First

we treat the case b = 0. In this case we have
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disc(xn + ax + b) = disc(xn + ax) = disc(x(xn−1 + a))

= a2disc(xn−1 + a) by (1)

= a2(−1)
(n−1)(n−2)

2 (n− 1)n−1an−2 by (2)

= (−1)
(n−1)(n−2)

2 (n− 1)n−1an

= (−1)
(n−1)(n−2)

2 (n− 1)n−1an + (−1)
(n−1)(n−2)

2 nnbn−1.

Now we turn to the case b 6= 0. Let θ1, . . . , θn ∈ C be the roots of f(x) =
xn + ax + b ∈ Z[x] so that

θn
i + aθi + b = 0, i = 1, 2, . . . , n

and

θ1 · · · θn = (−1)nb.

As b 6= 0 we have θi 6= 0, i = 1, 2, . . . , n. Now

(−1)
(n−1)(n−2)

2 disc(xn + ax + b)

=
n∏

i=1

f ′(θi)

=
n∏

i=1

(nθn−1
i + a)

=
n∏

i=1

(nθn
i + aθi)

θi

=
(−1)n

b

n∏
i=1

(nθn
i + aθi)

=
(−1)n

b

n∏
i=1

(n(−aθi − b) + aθi)

=
(−1)n

b

n∏
i=1

(−bn− a(n− 1)θi)

=
(−1)n

b
an(n− 1)n

n∏
i=1

( −n

a(n− 1)
− θi

)
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=
(−1)n

b
an(n− 1)nf

( −bn

a(n− 1)

)

=
(−1)n

b
an(n− 1)n

(( −bn

a(n− 1)

)n

+ a

( −bn

a(n− 1)

)
+ b

)

=
(−1)n

b

(
(−1)nbnnn − anbn(n− 1)n−1 + anb(n− 1)n

)

= (−1)n
(
(−1)nbn−1nn − ann(n− 1)n−1 + an(n− 1)n

)

= (−1)n((−1)nbn−1nn − an(n− 1)n−1)

= nnbn−1 − (−1)n(n− 1)n−1an

= (−1)n−1(n− 1)n−1an + nnbn−1

so that

disc(xn + ax + b) = (−1)(n−1)(n−2)/2(n− 1)n−1an + (−1)n(n−1)/2nnbn−1.
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