Chapter 12, Question 28

28. Let p be a prime with p = 3 (mod 4). It is known that h(Q(,/p)) is odd.
Use this fact to prove that there exist integers a and b such that

a? — pb* = (—1)PHD/4g,
[HINT: Consider the ideal < 2,1+ ,/p > ]

Solution. Let p be a prime with p = 3 (mod 4) so that » = h(Q(,/p)) is odd.
We consider the ideal < 2,1+ /p > of Og(, 5 = Z+ Z/p. On the one hand
we have

<2,1+4p>'=<2>
and on the other hand, as h is the class number of Q(,/p), we have

<2,1+p>"=<a>

for some oo € Z + Z,/p. As h is odd, is integer, and
<21+ p>=<2,1+p>"(<2,1+ \/13>2)_(h_1)/2
=< a>< 2>/
Q
=< W > .
Since < 2,14 ,/p > is an integral ideal of Z + Z,/p, we have

Z + Z+/p. Thus there exist integers a and b such that

(6%
o(h—1)/2 €

2(}31)/2 = a+ b\/p.
Then
<2,1+p>=<a+byp>.
Takimg norms, we obtain

2= |a2 _pb2|7



so that
a® — pb? = £2.

If b= 0 (mod 2) then a? = 2 (mod 4), a contradiction. Hence b = 1 (mod 2).
Thus a = 1 (mod 2) and

1 —p=+2 (mod 8),

so that
+1= % = (—1)P*D/* (mod 4),
that is
+1 = (—1)P+HH/A,
and

a? — pb? = (—1)P+D/4g, -
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