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ABSTRACT. Let G be a compact group whose local weight b(G)
has uncountable cofinality. Let H be an amenable locally compact
group and A(G x H) be the Fourier algebra of G x H. We prove
that the group von Neumann algebra VN (G x H) = A(G x H)*
has the weak uniform A(G x H)** factorization property of level
b(G). As a corollary we show that A(G x H) is strongly Arens
irregular, and the topological centre of UCy(G x H)* is equal to
the Fourier—Stieltjes algebra B(G x H).

1. INTRODUCTION

Let A be a Banach algebra and s be a cardinal number. Then A*
is said to have the left A** factorization property of level k if for every
bounded family of functionals (hg)ae;r C A* with |I| = k, there exist
a bounded family (14)aer in A™ and a single functional h € A* such
that the factorization formula h, = 1, - h holds for all & € I. The first
such factorization result was obtained by the second named author in
[43] for L=(G) = L'(G)*, where G is a locally compact non-compact
group, and k is the compact covering number of G. The existence of
such factorizations can be used in the study of topological centres of
the biduals of Banach algebras, as shown by Neufang [44, 45].

In [1] Arens showed that the product on a Banach algebra A can be
extended in two different ways to its double dual A**. When the two
extended products are identical, A is called Arens regular. This is the
case, for example, if A is a C*-algebra (or, more generally, an operator
algebra). The left (respectively, right) topological centre of A** is the
subspace consisting of all m in A** such that left (respectively, right)
multiplication by m with respect to either product is the same. If the
left (respectively, right) topological centre of A™ is equal to A, then,
following Dales-Lau [5], A is called left (respectively, right) strongly
Arens irregular; if A is both left and right strongly Arens irregular, it
is called strongly Arens irregular. In the case that A is commutative,
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both topological centres coincide with the algebraic centre of A** (en-
dowed with either Arens product). A complete characterization of the
topological centres is often difficult. For the case of the group alge-
bra L'(G), following earlier works by Civin—Yood [3], Young [50], and
Isik- Pym-Ulger [29], finally in 1988, Lau and Losert [36] showed that
L'(G) is strongly Arens irregular for all locally compact groups. More
information about the results on topological centres of Banach algebras
can be found in [14]. For another new approach leading to the deter-
mination of topological centres including those of L'(G)**, LUC(G)*
and their corresponding weighted algebras, see Filali-Salmi [12, 13]).

If \ is the left regular representation of G on L?(G) defined by
A(t)f(z) = f(t"'z), then the Fourier algebra A(G) is the collection of
all functions u(z) = (M(z)flg) = G* f(x) (x € G), where f,g € L*(G).
The group von Neumann algebra VN(G) = A(G)* is the closure in
the weak operator topology of the linear span of {A(z): z € G} in
B(L*(@)) (see Eymard [8]). In harmonic analysis, A(G) is considered
the dual object of the group algebra L'(G). Indeed, when G is abelian,
A(G) = L}(G) via the Fourier transformation. The analogues of many
results on L'(G) have been proved for A(G), which have helped to
better understand the nature of the duality between L'(G) and A(G).
However, unlike the case of L'(G), the characterization of the topo-
logical centre of the bidual of the (commutative) Banach algebra A(G)
has resisted a solution for many years, and is still not complete.

In this paper we show that for any compact group G whose local
weight has uncountable cofinality, and any amenable group H, the
algebra A(G x H) is strongly Arens irregular (Corollary 4.7). As an
implication of our result, we mention the following interesting phenom-
enon: while by a result of Losert [42], A(SU(3)) is not strongly Arens
irregular, the Fourier algebra of a suitable power of SU(3) — for instance
SU(3)™ — is in fact strongly Arens irregular (cf. [38] for the case of
the power of size 8j). The proof of our result relies on the existence
of a ‘weak’ factorization property for the group von Neumann algebra
V N (G x H) which we shall prove in Theorem 4.6. In obtaining our fac-
torization formulae (23) and (36) we have been influenced by the role
of right cancellable points in the study of topological centres of Banach
algebras and semigroup compactifications as shown in Filali-Pym [10]
and Filali-Salmi [11, 12, 13]. In fact, as in the case of right cancellable
points discussed in the above papers, we obtain the terms C}y and &
in our factorization formulae from some cluster points of a ‘thin set’.
In our case, the thin set consists of coordinate functions of carefully
selected irreducible unitary representations of G.

To put our result on the (topological) centre of A(G)** in a proper
context, we briefly survey some of the earlier results on the subject.
In 1989, Lau and Wong [39] showed that if G is amenable, then A(G)
is Arens regular if and only if G is finite. Later, Forrest [16] obtained
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an analogous result for large classes of discrete groups. In addition,
he also showed that if G is a locally compact group for which A(G) is
Arens regular and if H is an amenable subgroup of G, then H is finite.
As observed by Forrest, from this result it follows immediately that
A(G) is not Arens regular if G is the Ol'shanskii’s famous example
of a discrete non-amenable group for which every non-trivial proper
subgroup is infinite [46]. In [37, 38] Lau and Losert showed that A(G)
is strongly Arens irregular for large classes of amenable groups which
includes discrete amenable groups, second countable amenable groups
G such that [G, G] is not open in G, and countably infinite product of
second countable locally compact groups G;, i = 0,1,2,... where each
G, is a non-trivial compact group for ¢ > 0. In his survey paper [35]
on how the structures of A(G) and the Fourier—Stieltjes algebra B(G)
relate to the amenability of G, Lau posed a series of open interesting
problems including that of the determination of the centre of A(G)**.
Ten years later, the same question was again asked by Kaniuth and
Lau in their survey article [31], where they presented developments on
how amenability of the Fourier algebra A(G) and the Fourier-Stieltjes
algebra B(G) can be characterized with properties of subalgebras of
A(G) and B(G) and their duals. Recently, Losert [40] has proved that
if G is a discrete group containing F,. (the free group with r generators,
where 7 > 2 is finite) then A(G) is not strongly Arens irregular. In
2008, Losert announced in his lectures [42] that A(G) is not strongly
Arens irregular when G is either the compact group SU(3) or the locally
compact group SL(2,R), but A(G) is strongly Arens irregular when G
is the compact group SU(2).

We should also note that the study of topological centres is related to
many other interesting problems arising in abstract harmonic analysis.
For instance, if M4,A(G) is the space of completely bounded multi-
pliers of A(G) (or Herz-Schur multipliers) and M,A(G) is the space
of bounded multipliers of A(G), then B(G) C M4A(G) C M,A(G)
for any locally compact group, and, as is well known, these spaces are
equal isometrically when G is amenable. In [41], it was shown that
B(G) # MyA(G) whenever G is not amenable. Also, in [2], it was
shown that M,A(G) # MyA(G) when G is a noncommutative free
group. It was open for quite a long time whether the latter inclusion is
strict when G is not amenable. See for example [6], [47], [32] and [48]
for more details and references related to this problem. However, the
recent techniques leading Losert to the (topological) centre of A(G)**
when G = SL(2,R) enables him also to show that M4A(G) = M,A(G)
in this case [42].

Despite the above progress, it is still not known exactly when A(G)
is strongly Arens irregular. For further results on the centre of A(G)**
see [18, 19, 25, 26, 27, 28|.
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In Section 2 we briefly discuss the preliminaries and the notation
used in this paper.

The main result in Section 3 is Theorem 3.11 in which we prove
that if G is a compact group whose local weight b(G) has uncountable
cofinality, then VN(G) has the left weak uniform A(G)** factoriza-
tion property of level b(G). In Corollary 3.14 we show that for these
groups, the centre of A(G)™ is exactly A(G) (in other words, A(G)
is strongly Arens irregular), and that every left A(G)** module ho-
momorphism of A(G)* is automatically bounded and normal (that is,
w*-w*-continuous).

In Section 4, we extend our results in Section 3 to the product group
G x H where (G is as above, and H is an arbitrary amenable locally
compact group.

We would like to thank the referee for the valuable comments and
corrections. A large part of this work was done when the first author
was visiting Universities of Carleton and Windsor in September 2007
and March 2008. He would like to express his warm thanks for the
kind hospitality and support.

2. PRELIMINARIES AND NOTATION

For a set S we write |S| to denote the cardinality of S. An ordinal
number « is called an initial ordinal if for each ordinal # such that
la| = |B], we have o« < 3 (equivalently, if § < « implies that |G| < |a]).
Let @ > 0 be a limit ordinal (that is, « is not a successor ordinal), a
subset A C « is called cofinal in « if sup A = a. The cofinality of « is,
by definition, the least limit ordinal  such that there is an increasing
B-sequence (ag)e<p with lime_,3 ¢ = a (cf. [30]). Let G be a locally
compact group. We denote by b(G) the local weight of G, i.e., the
smallest cardinality of an open base at the identity element e of G.
If G is non-metrizable, then b(G) > Ny by Hewitt—Ross [20, Theorem
8.7].

Let f be a function on G and t € G. Then the left and right
translations of f by t are denoted by ,f and f; and are defined by
f(x) = f(tz) and fi(z) = f(xt) (x € G). The function f on G is
defined by f(z) = f(z=1).

Let V' be a (continuous) unitary representation of G on a Hilbert
space H. If (e;)ies is an orthonormal basis of H, then the continu-
ous functions v;;(z) = (V(x)ejle;) (x € G) are called the coordinate
functions of V' with respect to (e;);c;. We denote the conjugate (con-
tragredient) representation of V by V. If V = (v;;) in an orthonormal
basis of H, then we have V = (v;;) in the same basis. If V; and
V5 are two unitary representations of GG, we denote by V; ® V5 the
tensor product of V; and Vs defined by Vi ® Vo(z) = V() @ Va(x)
(x € G). Note that V; ® V5 is a unitary representation of G, but in
general V] ® V5 is not irreducible, even if Vi and V5 are. Let Gy be
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a closed subgroup of G, and let V be a unitary representation of G
on a Hilbert space Hy. We say that V is a unitary extension of V; if
Hy is a closed subspace of H, and V(z){ = Vy(x)¢ for all z € Gy and
¢ € Hy. If G is a compact group, then any unitary representation Vj
of GGy has a unitary extension to GG; moreover, the extension can be
chosen to be irreducible if Vj is irreducible (cf. [21, Theorem 27.46]).
Let V,: G — B(H,) (v € I') be a family of unitary representations
of G, and let V = @,V,: G — B(®,H,) be their direct sum. We
say that a unitary representation W of G is contained in V' (or is a
summand of V') if W is equivalent to V, for some v € I'. We let G be
the set of all equivalent classes of irreducible unitary representations of
G.

Let A be a Banach algebra and E be a Banach A-bimodule. Then
E* is a Banach A-bimodule by the module actions defined by

(a-f,x>:(f,x-a>, (f-a,x>=<f,a-x> (CLGA,(L’EE,JCEE*)-
In particular both A* and A** are Banach A-bimodules. The space A**

is a Banach algebra under both the first O and the second & Arens
products defined by (a € A, f € A*, &, ¥ € A™):

(QOW, f) = (2, V- f),  (2O¥, f) = (¥, [ D),
<\I['f7a>:<\117f'a>7 <f(paa>:<q)aaf>

A Banach algebra A is called Arens regular if O and < coincide on A**.
The left topological centre of A** is defined by

30(A™) = {® € A™: DO = DOV for all U € A},

A Banach algebra is called left strongly Arens irregular if 5%1)(14**) =A
(cf. [5]). The right topological centre of A** is defined similarly. When
A is commutative, the left and right topological centres both coincide
with the algebraic centre of A** (with respect to either of the products).

Let A be a Banach algebra and X = Span Mg+ A Then A* is a
left Banach X*-module with the action

(ofa)=( f-a) (€X' feA acA).

Moreover it is easily verified that ¢ © f = & - f, where £ is any Hahn-
Banach extension of £ to a continuous linear functional on A*.

For the definition of introverted subspaces of A* and the topological
centres of their duals we refer to Isik-Pym-Ulger [29] or Lau-Dales
[5]. The space X = %H'”A* - A is a left introverted subspace of
A* and X* = (A*,0)/X° is a quotient algebra of (A**,0). We de-
note the quotient product on X* by O. In this paper we shall also
consider the special case where A = A(G), A* = VN(G), and X =

UCy(G) = Span"VN(G) - AG) = VN(G) - AG)"" (see [37, p. 4)).
The C*-algebra UC5(G) can be identified with the algebra of bounded
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~

uniformly continuous functions UC(G) if G is abelian. If G is amenable,
then by the Cohen’s factorization theorem, UCy(G) = VN(G) - A(G).
For more information on these spaces see Lau [33, 34].

For detailed properties of the Fourier algebra A(G) and the Fourier—
Stieltjes algebra B(G) we refer to [8]. For our purposes, we recall that
if T € VN(G) and u = g f € A(G) where f,g € L*(G), then (T, u) =
(T'flg). The function Tu € A(G) is defined by Tu(z) = (T, ,-1) for
each z € G.

3. A FACTORIZATION THEOREM FOR VN (G)

Throughout this paper (unless otherwise stated) we shall assume
that G is a compact group whose local weight b(G) has uncountable
cofinality. For example, if H is a non-trivial compact group and m
is a cardinal with uncountable cofinality, then the product group H™
satisfies our requirements; another example is the semidirect product
G =T"x D,, where T is the circle group and D,, is the dihedral group
(whose rotations and reflections are automorphisms of the circle group).
It is known that every compact, non-metrizable group contains a de-
creasing family (IV,) of closed normal subgroups such that N, N, = {e}
(see Lemma 3.1). The assumption that b(G) has uncountable cofinality
allows us to show the existence of ‘sufficiently many’ irreducible uni-
tary representations of fized dimension over the subgroups N, (Lemma
3.3). We shall use the cluster points C}y of the coordinate functions of
these representations to obtain our factorization formula (23).

The following result (which we shall need in this section) is due to
Hu [24, Proposition 4.3] which itself is a stronger version of an earlier
result of Lau-Losert [37, Lemma 4.8]. Since there will be no fear of
confusion, in what follows, we shall use b(G) to denote also the initial
ordinal p such that |u| = b(G).

Lemma 3.1. Let G be a o-compact, non-metrizable, locally compact
group with unit element e. Let {O,: 0 < a < b(G)} be an open base
at e. Then there exists a decreasing family (Na)o<a<p(c) of normal
subgroups of G (that is, N3 C N, whenever o < [3) such that

(i) No =G and Ny = {e},
Naot1 € NoNO, for all 0 < a < b(G),

For each o > 0, let A\, be the normalized Haar measure on N,. As in
37, 24] we consider the family (P.)o<a<p(c) of orthogonal projections
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in VN(G), where Py = 0 and P, is defined by

P L2(G) — LXG), (Bf)(@)= [ ft'o)da(t) (ae). (1)

Na
If f is continuous, then so is P, f, and we may assume (1) holds for all
x € G. It is easy to verify that (P,), is an increasing family of central
orthogonal projections in VN(G), that is, P,Ps = PsP, = P, for all
0<a<p<baG).

Lemma 3.2. Let G be a compact, non-metrizable group. Let u € A(Q)
and u- P, € VN(G) be defined by the usual module action of A(G) on
its dual VN(G). Then, for all f € L*(G),

(- P)fa) = [ wlf(En) dat) (0. @)

Proof. Let f,g € L*(G), then
((w- Pa)flg) = (Pas (g % )u) = Pa((g * [u)(e),

thus by (1), we can write

(@ P)flo) = [ ute)a= Hiodx

// (90) Flyt) dy dra(t)

~ [ 50 [ utrse ) drat)ay = (Flo),
G o
where F' € L*(G) is defined (a.e.) by

Flz) = /N () F () dra (1),
Therefore (u- P,)f = F. d

For each a < b(G), let N, be the set of all equivalence classes of
irreducible unitary representations of N,. Since for each o < b(G), N,

is compact, representations in ]@ are all finite-dimensional. We note
that

/; = (Na) = b(G)

by Hewitt—Ross [21, Theorem 28.2 and Remark 28.58(b)]. Let G =
{V,: v < b(G)}, with V4 the trivial one-dimensional representation
defined by Vy(t) =1 (t € G). For every 0 < a < b(G), we define

aa:{%66:0§7<a}.

Let {ﬁa}a@(@v) be a family of irreducible unitary representations of
G. For each f < b(G) and v < b(G), the finite-dimensional repre-

sentation (V, ® Us)|y, can be decomposed (in a unique way up to
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equivalence) into a finite direct sum of irreducible unitary representa-
tions of Ng (cf. Folland [15, Theorem 5.2]). We denote by P, 5 the set
consisting of representations appearing in such a decomposition. Sim-
ilarly, when restricted to N, (o > 3), every representation in P, 3 can
be written as a finite direct sum of irreducible unitary representations
of N,. Let RY 5 consists of all irreducible unitary representations of
N, appearing in such a decomposition of members of P, 3.

Lemma 3.3. Let G be a compact group such that b(G) has uncountable
cofinality. Then there exist two families of irreducible unitary represen-
tations {Uq }a<v(c)s {ﬁa}a<b(g), and there exist n,n’ € N such that for
each a < b(G) we have

(i) U, € ]/V; and (7@ € @;

(ii) U, is an extension of Uy;

(iii) U, ¢ U,B,'y<a RS 55

(iv) dimU, = n and dim U, = n’ for a > 0.

Proof. Let Uy = 170 = Vj be the trivial one—dimgnsional representation

of G. Let a < b(G) and suppose that Uz and Ug are chosen for every
B < a. Then

< Ng-|a)? < b(G) = |N,|.

U R

By<a

Using transfinite induction, we can choose a representation U, € N,

such that
Uaé |J RSy (3)
By<a
By Hewitt—Ross [21, Theorem 27.46] we can extend U, to an irreducible
unitary representation of GG, which we denote by U,,.

Since each U, has finite dimension, if we define E,, = {a: dim U, =
m}, then UX_ E,, = {a: a < b(G)}. It follows from our assumptions
that for at least one m, say m = n, E,, has cardinality b(G) (cf. Jech
(30, Lemma 3.6]). Thus by replacing the family of subgroups { N, } (0 <
a < b(G)) and its associated family of representation {U,} with those
that are indexed by the set E,,, we obtain a family of irreducible unitary
representations, which for simplicity we still denote by (Ua)a<s(c), such
that dim U, = n for all @ < b(G). Having fixed the dimensions of the
representations U,, we can repeat this argument for the family {(7&},
and therefore, we may assume as well that dim U, =n' , where n’ > n
is a fixed positive integer. O

Representations U, and U, of dimensions independent of o play an
important role in our factorization Theorem 3.11. In the case that
cofinality of b(G) is countable, the situation seems more complicated,
since in this case we have been unable to fix the dimensions of the
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representations. In fact, the only case so far known is the special case
of a countable product G = Gy x [[;=; G; where each G; is a compact
nontrivial group for ¢ > 1, dealt with in Lau-Losert [38], in which case
there exits a countable filtration { Ny}, where N, = [[2, G;.

We shall write H, and H « for the representation spaces o£ U, and ﬁa,
respectively. If {ej,...,e,} is an orthonormal basis for H,, we shall
always assume that {e;,...,e,} form a basis for the subspace H,. In
such an orthonormal basis, we can write U, = (’a%)lgi’jgn/, where g
are the coordinate functions of U,. Similarly, we write Uy = (uf)1<i j<n
and more generally V' = (vyq)1<p g<dimv, if V € G.

To avoid unnecessary constants in the statements of our results, we
substitute each representation U, with the representation nl, (where
n is the fixed dimension of the representations U, ). For simplicity, we
shall continue to denote these ‘normalized’ representations and their

coordinate functions by U, and ug;.  We remark that since U, is a

unitary extension of Uy, if t € N,, then Uy(t) = (a%(t)) is a block
matrix, whose upper left corner is the n x n matrix (nuf;(t)) and in its
lower left and upper right corners have zero entries:

nu$y(t) -+ nuf (1) 0 e 0
C @ om0 e 0
Ua(t) = 0 - 0 @g(nﬂ)(t) el (1)
0 - 0 agy) - ag,@) )

)
We note that since G is compact, we have af, € A(G) for all & < b(G)
and all k,1 € {1,2,...,n'}. In addition, by Eymard [8, Lemma 2.14],
the family of coordinate functions ug; is bounded, in fact
l@ialla) = 7l (Ua()eler)la@) < nlledlllex]] = n.

Lemma 3.4. Let G be a compact group such that b(G) has uncountable
cofinality. Let V € G be arbitrary and let V be the conjugate repre-

sentation of V. Let a be large enough so thatVVEG If 8 # «a,
1<ik<n,1<jl<nand1<p,¢ <dimV, then

/N 8 (1) ()T (£) s (8) = 0. (5)

Proof. First we assume that a > 3 and therefore N, C N3. Note that
@) vy is a coordinate function of V @ Us. Let

ﬁa‘Nﬁ =W - e W, (6)
(V@ﬁ/@)‘Nﬂ:R1@"'@RS’7 (7)
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be the decompositions of ﬁa} Ny and (V ® (75)|N5 into direct sums of
irreducible unitary representations of Ng. Let {e;;: 1 <i<s, 1 <j <
n;} be an orthonormal basis for ]:la corresponding to the decomposition
(6). Let E; = Span{e;;: 1 < j <n,;}. Since H, C ﬁa and H, N E; is
invariant under U,, it follows from the irreducibility of U, that either
H,NE; ={0} or H, C E;. Hence, without loss of generality, we may
assume that H, C F;. By a similar argument, we may assume that
U, is contained in Wi|y, , in fact, if Wi|y, = Wi @ --- & Wy, is the
decomposition of Wy|y, into irreducible components, with Fi, ..., F,
the corresponding subspaces of E, then each H, N F} is an invariant
subspace of H, under Wi (t) = U,(t) for t € N,. Hence the irreducibil-
ity of U, implies that either H, N F; = {0} or else H, = F}. Since H,
cannot have trivial intersection with all the F}, we must H, = F} and
hence U, = Wj; for some j.
For 1 <i<n',1<j<n,andt & Ng we have

aza](t) = ([7 ( )6]’61 - Zgjelp |szrqew

r=1 g=1

B ) D) AR

p=1 r=1 g=1

(by (6)) =D &&l,(Ualtenlery)
p=1 q=1
=2 G, Wilbeylen), ®
p=1 ¢=1

since by (6), (Ua(t)ewplerg) = 0 for r > 2, and Uy(t)|p, = Wi(t) when
t e Nﬁ.

On Nj the functions a,flvp/q/ are linear combinations of coordinate
functions of the representations R, (r = 1,...,s"). However R, 2 W,
for every r, since by our assumptions U, & Uﬂ’,y <a RS 3. Thus each

@ vy is a linear combination of coordinate functions of irreducible
unitary representations of Ng none of which are equivalent to W;. Thus
by (8) and by the orthogonality relations in Hewitt—Ross [21, Theorem
27.19], the equation (5) holds.

It remains to assume that 3 > a. In this case N3 C N,. We choose
v so that V = V.. Then by the choice of Us, we have U; ¢ Rﬁ’a.

The functions uf;v,, are coordinate functions of the representation

Ve [7&, which on Nj breaks into a direct sum of irreducible unitary
representations, all in Rﬁ . Thus on Ng, the functions uf;v,, are
linear combinations of the coordlnate functions of representations in
733,&- These latter functions are orthogonal to u,fl on Nj (since for
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1 <1< n we have ﬂgl = 0 on Ny if £ > n, and moreover ﬂfl = nufjl if

1 < k < n), and therefore so are the funct1ons UG5V - Hence

- o= - ~a =B N
0= / uiz@)%‘;‘ ()0 (1) dAg(t) = / Uy () gy ()0 (£) dAs(2),
Ng Ng
which completes the proof of the lemma. O
Lemma 3.5. If1<i,j,k<nand 1 <1<n/, then
(s - Pa) (@ - Ps) = Sap G0 (5 - Pa)- (9)

Proof. 1t suffices to show that the actions of both sides of (9) on an
arbitrary element f € L?(G) are the same.

If I > n, then by Lemma 3.2, and the fact that for 1 < ¢,k < n,
a%(t) = 0 (t € N,) and @,,(s) = 0 (s € Ng) (see (4)), it follows that
the action of both sides of (9) on f will be equal to 0 and our claim
follows immediately.

If remains to consider the case that 1 < [ < n. Let a < 3, then
Nz C N,. By Lemma 3.2, we have

(@ - P (il Po) f)(x) = (@8 - Pa) (il - Po) ()
- / a8 ()i~ Py) (1 2) dha(t)

o

= [ a0 [ aess e ) dls) )
_ / s (1) /N nily(s) f(s ) ds(s) dhalt)

=n? /N ﬁ / au?j(t)ufl(s) Fls™H7 ) dha(t) dhs(s)
[ ﬁ [ s 1 ) ) (),

where the fourth equality was obtained since for 1 < 4,75, k,l < n we
have ug;(t) = nuf;(t) if t € N, and @) (s) = nul(s) if s € Ng; the
last equality was obtained by the change of variable t = ys~! in N,.
However,

uii(ys™") = (Ualys™ejler) = (Uals) e;|Ualy Z“ﬁ“
Therefore,

(5 - Pa) (i - Bs) f)(2)

- nZ ( / T A >) (f Rt Dal)).



12 M. FILALI, M. NEUFANG, AND M. SANGANI MONFARED

By Lemma 3.4 (in which we take V' to be the trivial one-dimensional
representation V) and by the orthogonality relations in Hewitt—Ross
21, Theorems 27.19] we have

| st = -
Thus,

(@8 - Pa) (s - Pa) ) () = ndasdi / &)y 2) dha(y)

o

— - 1
| TATNINAS) = % Gudp
Ng n

= Supl / aG(y) fy~ z) dAa(y)

= 000k (U, - Po) ().

It follows that (a4 - Pa) (i, - Ps) = 0agdju(iG - Pa).
The argument for the case that 3 < « is similar. U

Lemma 3.6. For every a < b(G) and 1 < k,l < n, (a;-P,)* = 4. P,.
In particular, ugy, - P, is an orthogonal projection.

Proof. It f,g € L*(G) are arbitrary, then using Lemma 3.2 we have
(G P f19) = [ 9()(@- o)) da
el
— [ 9@ [ w@se e do .
G o

Changing the order of the integrations and making the substitution
r — tx, we have

(@ Pa)flg) = /N s (1) /G g(tx) f(z) di da ()

_ /G f(x) /N () dholt)de
- / f(a) /N T (g x) dAa(t) da

- | @) Pala)(a) da
= (fl(aiy, - Fa)g) -

Therefore, (@, - P,)* = af), - P,. Moreover, by Lemma 3.5, we have
(@gk.Pa)Qzagk.P .
O

In preparation for our next lemma, we note that if X is a Banach
space and if Z(pe ; Yo is a w*-unconditionally convergent series in X*
(that is, > o/ [{¢a, 7)| < oo for all z € X)) whose partial sums are uni-
formly norm-bounded, then these partial sums form a w*-Cauchy net
in X*, and so the series is w*-convergent in X* by Alaoglu’s theorem.
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Lemma 3.7. Let M C B(H) be a von Neumann algebra. Consider
a bounded family (T,)aecr of elements in M such that for all o € I,
To|| < r (for somer > 0), and let (Py)acr and (Qu)acr be two families
of orthogonal projections in M such that

PoP3 =Q.Qp =0, ifa#0.
Then the w*-limit

> PuTuQa

ael

exists in M, and defines a w*-unconditionally convergent series. More-
over, the norm of the sum does not exceed r.

Proof. Fix £,m € H. Then we have

D NPTaQakln)l = Y (TaQak|Pan)|

acl acl
<7 1Quéll| Pan]
acl
<r (Z H%&H?) <Z ||Pa77||2>
acl ael
< rli€llnll, (10)

where the last line follows of course from Bessel’s inequality. In partic-
ular, this entails that the partial sums ) _n PaT70Qq, where F' C [ is
finite, are uniformly norm-bounded.

Now consider an arbitrary element p € B(H), = T(H) = H ®, H
(the latter denotes the projective Banach space tensor product). We
have a series expansion p = Y ° & ®m;, where for alli € N, &, n; € H,
and Y2, [|&ll]|mi]] < co. We note, thanks to this last property and the
estimation (10), for every finite subset F' in I, the limit

Z Z |<PaTaQa7 gz & 771>|

i=1 aclF

exists uniformly on PB(I)g, (that is, the collection of all finite subsets
of I). Hence by the classical theorem on the interchange of limits, we
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finally get

D NPTQa, p) = D [(PaToQa, Y & @ 1)
=1

acl acl i=

<D HPTaQa, & @)

acl i=1

= Z Z (PaToQu, & @ mi)
=1 a€l

< el

< OO.Z:1

This shows that the sum Zae ; PJT. P, is w*-unconditionally conver-
gent in B(H). We deduce the asserted w*-convergence of the sum in
B(H), and hence in M. Finally, due to inequality (10), the norm of
the sum is at most 7. i

Lemma 3.8. For each Q €e VN(G), 1 <k, <n, and 1 <r <n’, the

sum
1 - . _
Py = 6 Z (Ufr ' Pﬁ)(ufl : Q)(UEBI - Fp) (11)
B<b(G)

is w*-convergent in VN(G).
Proof. By Lemma 3.5,
iy, - Py = (@, - Po) iy, - Ps),
afl P = (&/161 ) Pﬁ)(ﬁﬁ - Pg).
If we define Tj = (@, - Pg)(a, - Q)(d? - Ps), then
Pur =5 S (- Po)Ty(if - Po).
B<b(G)

By Lemma 3.6, ﬁfk-Pg and ﬁﬁ-Pﬁ are orthogonal projections in VN (G).
Clearly, Ty € VN(G) and ||Tp|| < n3||Q] for all 3 < b(G), since
| Ps]| < 1and [|af || <nforl<p,q<n(see Eymard [8, Lemma 2.14]
and our discussion preceding Lemma 3.4). The convergence of the sum
in w*-topology now follows from Lemma 3.7. U

Using (11), for each 1 < k,1 < n, we define

Py = Pu. (12)
r=1

Now we are ready to prove our first factorization theorem.
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Theorem 3.9. Let G be a compact group such that b(G) has uncount-
able coﬁnalzty. For each 1 < k,1 < n, let Cyy be a cluster point of the
net () a<s(c) in A(G)™. Then, for every Q € VN(G), we have

Q:ZZCM‘PM- (13)

k=1 I=1

Proof. To prove the theorem we show that the actions of both sides of
(13) on an arbitrary element v of A(G) are equal. Since G is compact,
an arbitrary element of A(G) is a finite linear combination of coordinate
functions of irreducible unitary representations of GG. So it suffices to
assume that

v(s) = vi(s) = (Va(s)ejler) (s € G), (14)

where V, € @, dimV, = d, and {ey,...,eq} is the standard orthonor-
mal basis of C%.

Without loss of generality we can assume that a,, — Cj; in the
w*-topology; hence by Eymard [8, Proposition 3.17] we can write

<Ckl * Py, vij> = <Ckla Py Uij>

= (3 (- Po) (@ - Q) ), v ) (15)
B<b(@)

= im0 ({5, P - @) P} )] o
B<H(G)

:%hgl > [<a£r-Pﬁ>{(aéﬂ-@)(%-Pﬁ)(viﬁz)*}} (e)
B<b(@)

wim 3 [ 0 (@40t PsT e

B<b(G

=t 37 [ a0 @ (@ P dAs(r), (16
p<b(G) ' No

where to obtain the fifth equation we have used Lemma 3.2. On the
other hand, for every s € G we have

(G P TR = (@ Pl T} st
~ [ @ T s e ()

Ng

/N &) (055 (t) A ()

N / f‘fz(@t(”ijﬁgz)z(s) dAs(z). (17)

Ng
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In turn, writing U, = (U5 )1<1k<ns and using (14),

(0gT)e = DD YD Ty (Vg T ()i (£ g vps (). (18)

Accordingly, by (17) and (18)
[{(uu Pﬁ)(vmugz)}?( ) =

S S S S T e () [ ) 1),

p=1 q=1 p/'=1¢'=1 Ng

Therefore, by (16) and Lemma 3.4 we have

(Crt + Prary vig) = hm Z Z Z Z Z ,ajq,vpp/>

p=1 ¢=1 p'=1¢'=1 B<b(G

/N (T, (1) dNa(e) [ ai@)a:ixx)vp/j(x) D)

Ng

hm Z Z Z Z Q’ qq’vpp >

p=1 ¢=1p'=1¢'=1

/ g (1) g (£)ip (1) dAa(2) / 5 ()T (2)vy () dXa(2), (19)

o o

in the last equation the summations over ¢ and ¢’ were carried up to n
since by (4), &Zq(t) = ﬂj,l(x) =0if t,z € N,, and ¢,¢ > n. Hence

>N (Cu Puyvy) =

k=1 I=1

L3y 3y [T 000 a0 - Q. T
p=1 ¢=1 p'=1¢'=1 Na g=1

n

/N 8 (2o ()5 (2) A ()

o =1

! hmZZZZ/ 25Tqup t) da(t)(tyy - qq’vpp>

p=1 ¢=1p'=1¢'=1

/ n251q/vp/j (.ZU) d)\a<l’)

o

hmZZ/ Vip(t) dAo( Q,ﬂf‘lﬂalvpp)/N Uy (x) dAo ().

p=1p'=1 «
(20)
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Finally, summing over r leads to

Z Z Z<Ckl - Py, Uij)

r=1 k=1 [=1
MZZ/Waﬁ QZ%%@/WWWW%
p—lp =1 Na
LSS [ 0@t [ )
p=1 p'=1 Na

@Z;@wmumwwwwmmx (1)

S
Il
—

3

Q: chl Py = ZZCM Py

r=1 k=1 I=1 k=1 I=1

g

The following definition generalizes the concept of factorization prop-
erty of level x introduced by Neufang in [45].

Definition 3.10. Let A be a Banach algebra, and let x be a cardinal
number. We say that A* has the weak left A™* factorization property
of level k [property (W F,)] if for each family of functionals {h,: o €
I} C Ball(A*) with |I| = k, there exists a family {V':a € I, i =
1,...,m} C Ball(A*) and a family of functionals {h;: i = 1,...,m}
in A* such that

ho=Y W, -h; (a€l).
i=1
If ¥/ can be chosen independent of h,, then we say that A* has

the weak left uniform A™ factorization property of level x [property
(WUF,)).

Theorem 3.11. Let G be a compact group such that b(G) has uncount-
able cofinality. Then A(G)* = VN(G) has property (WU Fyq)). In
other words, there exists a family {Cy: A < b(Q),1 < k,1 < n} of func-
tionals in A(G)* such that for every bounded family {Qx: A < b(G)}
of operators in VN(G), there exists a family of operators {IBM: 1<
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k,l <n} in VN(G) with

Q=YY Ch-Pu (A<b(@)). (23)
k=1 I=1

Proof. We partition b(G) into b(G) subsets I such that each I, is
cofinal in b(G) (see [49, Lemma, p. 61]). To avoid confusion, we use
A, 7, ... to index the sets I, partitioning b(G), and we write o € I,
B e I, ..., for elements of these sets. Note that the cofinality of Iy
ensures that N{N, : a € I,} = {e} (this is crucial in the proof of
Theorem 3.9). For each A < b(G) and each 1 < k,I < n, let C}, be a
cluster point of {@y: a € I} in A(G)**. As in Lemma 3.8 we define:

LS P @ )

Bel,

A
Pklr_

1 . . . e
=5 Z(ufk . Pg)Tf(uﬁ - Pg)  (w*-limits), (24)
el
where
Tﬁ = (/&g’r ) Pﬁ)(ﬁfl ) Qv)('&fz ) PB)-

Thus each P, is defined so that if we set P, = Z:f;l P, then upon
replacing @ with @, and Py with P}, the factorization result in The-
orem 3.9 holds for @, that is,

=>"Y Cj,- Py for each v < b(G). (25)

k=1 I=1
Next we define
ﬁklr = Z PI;/lr w —lln’llt)
y<b(G
The convergence of the sum follows from Lemma 3.7 once we substitute
for P, from (24). We claim that for each 1 < k,I < n and each
A < b(G) we have

Cl;\z ) ﬁklr = Cli\l ) Pk)\lr' (26)
In fact, if v € A(G) is such that v(z) = v;;(x) = (V(x)ejle;) where
Ve @, dimV = d, and {ei,...,e4} is the standard basis of C¢, then
as we obtained in the equation preceding to (19), we can write

Y e y
(Ca- Pklra”w = hm (g - E Pklwvw = }yg}& § (T - Py vig)
7<b(G 7<b(G)

:ﬁigﬁ Z ZZZZZ Uy + Qy, qq/vpp>

y<b(G) p=1 q=1 p'=1¢'=1 Bel,

/N @, () g, ()ip (£) dAs (1) / @) () Gy ()01 () dAg (@),

Ng
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where by Lemma 3.4, for o € I, large enough, if 3 € I, and v # A, we
have

| )Tl (a) drata) <o
Ns
Thus repeating the calculations that led to (19) backward, we can write

. A by
hm E ukl klr?vw = hf}l <ukl Pklr7vlj> <Okl'Pklr7Uij>7

acl)y
v<b(Q)

which proves (26). Using (26), for each A < b(G), we have

222 G Bur=3_3 ) G- Pa = Qa
r=1 k=1 [=1 r=1 k=1 [=1
Now our result follows easily from the preceding identity if we define

sz—Zr 1Pkrl [l

In order to apply our factorization Theorem 3.11 to the problem
of determining the centre of A(G)** we recall the following definition

([45]).

Definition 3.12. Let X be a Banach space and x > N, a cardinal
number.

(i) A functional f € X** is called w*-k-continuous if for all nets
(Za)a C Ball(X*) of cardinality Ry < |I| < k with z, — 0 in
w*-topology, we have f(z,) — 0.

(ii) We say that X has the Mazur property of level k [property (M,)]
if every w*-k-continuous functional f € X** is an element of X.

Our next theorem is a generalization of two results by Neufang (see
[45, Theorem 2.3 and Theorem 4.2]). In our theorem, the factoriza-
tion property of level x has been replaced with the weak factorization
property of level k. The theorem can be proved by straightforward
modifications of the original proofs. We recall that given a Banach
algebra A, the right multiplier algebra of A is defined by

RM(A) ={T € B(A): T(ab) = aT'(b) for all a,b € A},
where B(A) is the Banach algebra of all bounded operators on A.

Theorem 3.13. Let A be a Banach algebra satisfying (M,) and whose
dual A* has the property (W F), for some k > Ro. Then

(i) A is left strongly Arens irreqular; that is, il)(A**) = A;

(i) every left A**-module homomorphism on A* is automatically bounded

and w*-w*-continuous; that is,

(iii) of A has a right approzimate identity bounded by 1, then the left
topological centre of (A* - A)* is isometrically isomorphic to the

algebra RM(A), that is, 3\"((A* - A)*) = RM(A).
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Concerning the above theorem we remark that assuming the right
version of the weak factorization property (W F}), one can deduce the
right strong Arens irregularity of A and the continuity of right A**-
module maps on A*.

It is shown by Hu—Neufang [28, Corollary 4.39(i)] that for all locally
compact groups G, A(G) has the Mazur property of level b(G) - Rg. It
is also known that for amenable groups the Fourier algebra A(G) has
an approximate identity bounded by 1. These results together with
our Theorems 3.11 and 3.13 imply the following corollary.

Corollary 3.14. Let G be a compact group such that b(G) has un-
countable cofinality. Then
(i) A(G) is strongly Arens irreqular;
(ii) every left (right) A(G)**-module homomorphism on A(G)* is au-
tomatically bounded and w*-w*-continuous;

(iii) 3:.(UCL(G)*) = B(G).

For statement (iii) we note that since G is amenable, RM (A(G)) =
B(G) by Derighetti [7, Theorem 9]. We should also point out that by
Lau-Losert [37, Theorem 6.4], for all amenable groups the statement
(ili) implies (i).

Remark 3.15. F. Ghahramani and, independently, Hofmeier-Wittstock
23] asked the question whether a left L>°(G)*-module homomorphism
on L*(@G) is automatically bounded and, hence, normal (that is, w*-w*-
continuous, see Ghahramani-McClure [17]). This question (in a stronger
form) was answered affirmatively for all non-compact locally compact
groups by Neufang in [43, Theorem 3.1]. Our result in Corollary 3.14(ii)
shows that the dual version of the Ghahramani-Hofmeier-Wittstock
question, in which L>°(G) is replaced by VN(G), has an affirmative
answer if GG is a compact group whose local weight has uncountable
cofinality (see also Corollary 4.7).

4. A FACTORIZATION THEOREM FOR VN (G x H)

Throughout this section, we assume that G is a compact group whose
local weight has uncountable cofinality, and that H is an amenable
locally compact group. Using the results in the previous section, we
shall prove a factorization theorem for VN(G x H) and apply this
result to prove the strong Arens irregularity of A(G' x H). We shall
continue to use the notation introduced in Section 3. If u € B(G), we
define u € B(G x H) to be the function defined by u(s,t) = u(s); that
is, U =u ® ly, where 1y is the function with the constant value 1 on
H. Also if T € VN(G), we define T'=T ® I where I is the identity
operator on L2(H); therefore, T € VN(G x H) and T(f @ h) = Tf @ h
(f € L*(G),h € L*(H)). Note that in view of the above conventions,
we have U, = 4 ® 1y € B(G x H) and P, = P, ® 1 € VN(G x H).
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The proof of the following lemma is straightforward and is omitted.

Lemma 4.1. Let G; be a locally compact group, u; € B(G;), T; €
VN(G;) (i =1,2). Then,
(U1 @ug) - (Ty @ Tp) = (ug - T1) @ (ug - Ts).

Lemma 4.2. The operators ug;- P, in VN(G x H) satisfy orthogonality
relations

% - Po) (i) - Ps) = 60p0u (U - P) (27)
whenever 1 < i, 5,k <mnand 1 <1<n.

(w3

Proof. Using Lemma 4.1 and Lemma 3.5 we can write
() + Pa) (i Pp) = (i - Po @ 1) (it - Py 1)
= (ﬁ%~Pa)(ﬂ£l-P5)®I
= 0005 (U5 - Po) @1
= Bap0ik (15 - Py).
O

Lemma 4.3. For every a < b(G) and 1 < k,l <mn, (ﬁgl-f’a)* =uj-P,.
In particular, ug, - P, is an orthogonal projection.

Proof. By Lemma 4.1 and Lemma 3.6 we have
(ﬁgl’Pa)*:(agl'Pa)*@)I: (aﬁc‘Pa)®I:ﬂlO;c‘Pa-

Of course, by Lemma 4.2 we have (ug, - 1301)2 = Uy, - P, proving that

it is an orthogonal projection. U

The proof of our next lemma is similar to that of Lemma 3.8. We
omit the proof for briefness.

Lemma 4.4. Let Q e VN(GXxH) andlet 1 <k, <nandl <r <n'
Then the sum

1 ~ —~ ~ - ~
Prir = 6 Z (ufr : Pﬁ)(“ﬁ : Q)("lfl - Pg) (28)
B<b(G)

is w*-convergent in VN(G x H).

Lemma 4.5. Let 1 < k,l < nand 1 < r <n'. Let &, be a w*-

cluster point of the net (Tyy)a<s(c) in UC2(G x H)*. Then, for every
Q € VN(G x H), we have

Q:ZZ£kl®Pkl:ZZgﬂl‘Pkl (29)
=1 1=1 k=1 =1

where Py = Zflzl Pri and gkl 1s any Hahn-Banach extension of &g to
an element in VN (G x H)*.
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Proof. Since G x H is amenable it follows from Lau-Losert [37, Propi-
sition 4.3] that B(G x H) embeds canonically into UCy(G x H)*. Since
the net (i,;)a<n(c) is bounded it has a w*-cluster point, and indeed it

is possible to assume without loss of generality that i, — & in the
w*-topology of UCy(G x H)*.

Let v € A(G) and w € A(H). As in the proof of Theorem 3.9 we
may assume that for s € G, v(s) = v;;(s) = (V(s)ejle;), where V' € G,
dimV = d, and {ey,...,eq} is the standard basis of C?. Suppose first
that Q = Q1 ® Q2. We can write

(€O Prir, vij @ w) = (&, Prar - (vij @ w))
1 o ~ ~ ~ -~ =
“tim( L Y (@ B Q- Bl (o @ w)i). (30)

AP

But

i, By) (1) - Q)1 - ), (vyy ® w)ihy)
<((ukr Ps) @ 1)((@) - Q1) © Q2)((ay, - Ps) ® 1), vyt ® w)
= (@, - P5)(y - Qu)(@; - Ps), vijig) (Qa, w). (31)

((u

Then repeating the calculations that led to (15) and subsequently to
(22), we can write

n n n

Z Z<§kl ® Prir, Vij ® w>

r=1 k=1 [=1

! hmzzz Z (i, - P) (@, - Q1) (i), - Pa), vijligg)(Qa, w)

r=1 k=1 I=1 B<b(G

= (Q1,i5){(Q2, w) = (@ ® @2, 0ij ® w). (32)
Now let @ € VN(G x H) be arbitrary. Since by Effros—Ruan [9],

VN(G)QVN(H) = (A(G)BpA(H))* = A(G x H)* = VN(G x H),



WEAK FACTORIZATIONS AND APPLICATIONS 23

we can pick a net (Qp) such that Qp = >, Q% ® Q% for some finite
subset F' of N and Q is the w*-limit of (QF). Then

&kt © P, vij @ w)

1 . . ~ g =~ —a
= —glim (W, - Po) (&) - Q)i - Pp), (v © w)ily)

B<b(G)

=—hm Z hmz i) Py) (U - (Q @ Qb)) (W), - Bs), (vij ® w)ity)
B<b(G icF

=—hm > hmZ 2+ QU)(i, - Pa), viligg ) (Qh, w)
B<b(G) el

LY Y i S @ T @

p=1 q=1 p'=1¢'=1 <b(G) ieF

/N @, (8) g, ()ip (8) dAs(1) / ) (2) g () vy (2) dAg(2) (33)

Ng
1 d n d n
. . . ~a
- Ehén § § E § 11}11 § <ur1 ’ 17 qq’vpp ><Q27 >
p=1 q=1 p'=1q¢'=1 S

/ 8, (1) ()i (1) dAa (1) / 08 () (@) (@) dha(z).  (34)

@ @

As in the proof of (20) and (22), summing over k£ and [ and then over
r, we obtain:

Z Z Z<5kl © Prir, Vij @ w)

—llmZthZ QY v Qb w )/ Vip(t) d)\a(t)/ Uy () dAo ()
_hmZthZ Q' ® Qi v,y @ w) / vi(t) da(t) /N o3 (2) D ()
—hmZZ (@ ) [ v drlt) [ uye) drato

= <Q,Uij (%9 w), (35)

leading to the identities

Q:ZZZ£kl®Pklr ZZZ&I@PM :Zzgkl'Pkl-

r=1 k=1 l=1 k=1 =1 k=1 l=1



24 M. FILALI, M. NEUFANG, AND M. SANGANI MONFARED

By a similar argument to that in the previous section, Lemma 4.5
can be used to prove that A(G x H)* has property (WU Fy)).

Theorem 4.6. Let G be a compact group whose local weight has un-
countable cofinality. Let H be an amenable locally compact group. Then
A(G x H)* = VN(G x H) has property (WU Fyc)). In other words,

there exists a family {&Y: X < b(G),1 < k,I < n} of functionals
in A(G x H)* such that for every bounded family {Qx: A < b(G)}
of operators in VN(G x H), there exists a finite family of operators
{Pr:1<k1<n}inVN(Gx H) such that for each X < b(G),

Q= Z Zgﬁl * Pha. (36)

k=1 l=1

The proof of this theorem is similar to that of Theorem 3.11 and
therefore is omitted for briefness. As a consequence of Theorem 3.13
and Theorem 4.6 we obtain

Corollary 4.7. Let G be a compact group whose local weight has un-

countable cofinality, and let H be an amenable locally compact group.
Then

(i) A(G x H) is strongly Arens irreqular;
(i) every left (right) A(Gx H)**-module homomorphism on A(Gx H)*
15 automatically bounded and w*-w*-continuous;

(iii) 3,(UCH(G x H)*) = B(G x H).
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