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Abstract— This paper studies consensus seeking over noisy
networks with time-varying noise statistics. Stochastic approx-
imation type algorithms can ensure consensus in mean square
and with probability one. For performance evaluation, we
examine the long term behavior of the approximation error
which consists of two naturally defined components. We show
that the two components and their sum are each asymptotically
normal after being normalized by the square root of time. This,
in turn, characterizes the convergence rate of the algorithm.
We also give the asymptotic formula for the scaled error
covariances.

I. INTRODUCTION

Recent technological advances have made it possible to
build large distributed systems in which different constituent
components or agents may cooperatively perform complex
tasks. In these systems, consensus protocols provide a basic
mechanism for the agents to agree on key information con-
cerning system operation. Consensus problems and various
closely related formulations have been intensively investi-
gated for multi-agent systems [14], [17], [20]. A comprehen-
sive survey on recent research can be found in [18], [22].
While most existing consensus algorithms have assumed
exact state averaging, which in general necessitates perfect
state exchange, recently, there is an increasing attention on
models with noise or quantization effect [21], [27], [11],
[31, [11, [9], [4], [24]. The work [25] made early effort
introducing stochastic gradient based consensus algorithms.
For consensus or synchronization problems based on random
graphs, see [8], [26], [19].

In consensus models with noisy measurements, the tra-
ditional algorithms involving constant or lowered bounded
averaging weights in general cannot ensure convergence. In
[9], [10], [11], stochastic approximation type algorithms with
a decreasing step size were applied for consensus seeking
where the state information of other agents is corrupted
by white noise (see Fig. 1). In particular, probability one
convergence results were obtained in [9] via a double array
analysis in digraph models satisfying a circulant invariance
property. Mean square convergence was proved for connected
undirected graphs by using a stochastic Lyapunov function
[10]. The analysis in [9], [10] was generalized to digraphs
containing a spanning tree in [12], [13].

In this paper, we aim to develop performance analysis for
stochastic consensus algorithms on digraphs. We examine
the asymptotic behavior of the approximation error, i.e., the
difference between the state vector and its limit, the latter

M. Huang is with School of Mathematics and Statistics, Carleton Uni-
versity, Ottawa, ON K1S 5B6, Canada (mhuang @math.carleton.ca).

being a vector in span{1,} where 1, =[1,---,1]7. We give
a linear decomposition of the error into two parts where
the first characterizes the oscillation within span{1,}. We
will show that after normalization, the distributions of these
two error components each converge weakly to a normal
distribution; this, in turn, characterizes the convergence rate
of the algorithm. Some preliminary asymptotic normality
analysis has been developed in [12] under i.i.d. noise as-
sumptions. In this paper, we consider much more general
noise sequences without assuming independence. We allow
time-varying noise statistics by only specifying certain long
term average behavior of the covariances and conditional
covariances; such assumptions are applicable to models occa-
sionally experiencing burst receiver noises while the previous
i.i.d. assumptions are not. Our proof adopts the classic central
limit theorem approach [23], [16], [5], [7], but some new
techniques need to be developed in order to deal with the
time-varying (non-convergent) noise covariances. For general
asymptotic error analysis in stochastic approximation, the
reader is referred to [2], [5], [15], [16].

The organization of the paper is as follows. In Section 1II,
we formulate the stochastic consensus problem and review
our previous convergence results. The main theorem on
asymptotic normality is stated in Section III. Section IV
contains simulations and Section V concludes the paper.

II. THE STOCHASTIC CONSENSUS PROBLEM

Consider n agents distributed according to a digraph G =
(A, &) consisting of a set of nodes A4 ={1,---,n} and a
set of directed edges & C .4 x 4. For brevity, a directed
edge will be simply called an edge. An edge from node i to
node j is denoted as an ordered pair (i, j) where i # j (so
there is no edge between a node and itself). A directed path
(from i to i;) consists of a sequence of nodes iy,iz, - i,
1 >2, such that (i, ig 1) € & fork=1---,1—1. We say node
i is connected to node j(# i) if there exists a directed path
from i to j. The digraph G is said to be strongly connected
if each node i is connected to any other node j by a directed
path. A directed tree is a digraph where each node, except
the root node, has exactly one parent node. Hence, the root
node is connected to any other node by a directed path. The
digraph G contains a spanning tree Gy = (A5, &) if Gy is
a directed tree such that A5 = .4 and & C &. A strongly
connected digraph always contains a spanning tree.

For convenience of exposition, the two names, agent and
node, will be used alternatively. The agent A; (resp., node k)
is a neighbor of A; (resp., node i) if (k,i) € & where k # i.
Denote the neighbor set 4] = {k|(k,i) € &} C A



A. The Measurement Model

For agent A;, denote its state at time ¢ by xf € R, where
t€Zt={0,1,2,---}. Each A; receives noisy measurements
of the states of its neighbors if .4; # 0, where @ denotes the
empty set. Denote the measurement by A; of A;’s state by

teZt, ke N#0, (D

where wfk € R is the additive noise; see Fig. 1. The un-
derlying probability space is denoted by (Q,.#,P). We call
yik the observation of the state of A, obtained by A;, and
assume each A; knows its own state x! exactly. For similar
measurement modeling, see [9], [4], [24]. We introduce the
assumption:

(A1) The digraph G = (.#",&) contains a spanning tree. 00

For each t € Z*, the set of noises {w,i € .4 and k €
A; # 0} is listed into a vector w, in which the position of
wik depends only on (i, k) and does not change with ¢. Define
the state vector

ik k ik
Vi =X +w,

17, t>0. )

| n
-x[*[xta”'a-x[

Denote the c-algebras as follows: .%; = o(xg, Wi, k < 1)
(i.e., the set of all events induced by these random variables)
forr >0, #_1 ={0,Q}. Then w, is adapted to (i.e., measur-
able on) .% and .%; C .%;,;. We introduce the assumption:

(A2) The sequence {w;,7 € Z*} constitutes a sequence
of martingale differences with a uniformly bounded second
order moment, i.e., w; is adapted to .%;, E[w,|.%;_1] =0 for
t >0 and sup,~, E|w,|> < c. In addition, E|xo|* < co. |

The following assumption with independent noises holds
as a special case of (A2).

(A2°) The noises {w t € ZT i€ A and k € 4 # 0}
are independent with respect to the indices i,k,z and also
independent of xo, and each wi* has zero mean and variance

i In addition, E|x|* < eo and sup, ;; O < eo. ]

B. The Stochastic Approximation Algorithm
The state of each agent is updated by the rule
xy=(—abi)xi+a Y by, 120, (3
keN;

where i € 4, a; > 0 and the parameters b;; will be spec-
ified subsequently. Throughout our analysis, we adopt the
convention: ) ;¢ = 0 regardless of the summand.

Case 1. If 4] # 0, we take:

by >0, if ke «/‘{,
bik:07 lfkgé‘/t{u{l}7
bii = Yke 4 bik-

Case 2. If A4; =0, we define by =0 for all k € 4 and
the state of agent i is fixed as its initial value: x! = xi. Such
a situation arises in leader following where the leader’s state
is fixed as a constant at all times.

Define the matrix

—byy b - by
by  —bxp - by
B= . ) . . 4)
bnl bn2 _bnn

(D

Fig. 1. Measurement with noise wi.
Define
i ik 1 T
W; = Z bikwll‘ , w; = [Wt" .. 7W;l] %)
keN;

where wi = Yoy = 0 if .4 = 0. Write (3) in the vector form

t>0. (6)

Xe+1 = X +aBx; +aywy,

(A3) The sequence {a;,t > 0} satisfies i) ¢, > 0 and ii)
Yoar =, Y ga; <. o
The right hand side of (3) is a convex combination of the
agent’s state and its |4#;] observations if a,b; < 1.
Definition 1: (mean square consensus) The agents are
said to reach mean square consensus if £ |xl\2 < oo, t >0,
and there exists a random variable x* such that lim, .. E |x —
x[*=0forallic. t. O
Definition 2: (strong consensus) The agents are said to
reach strong consensus if there exists a random variable x*
such that with probability one lim, ...x! =x* forall i€ .#.0
Convergence with probability one (w.p. 1) is also called
almost sure (a.s.) convergence. We cite a convergence result.
Theorem 3: [13] Under (A1)-(A3), algorithm (6) achieves
both mean square and strong consensus. O

C. Preliminary Decomposition Results

We introduce the following class of matrices in R (1)

¢(8)= {6 = (&1, &)lspan{9} = span{B} }. (7

where span{¢ } denotes the subspace spanned by the columns
of ¢. Under (A1), rank(B) = n— 1, and accordingly, each
¢ € €(B) has rank n—1 (see [12]).

Lemma 4: [12] Assuming (A1), for (6) we have:

(i) For 1, =[1,---,1]7 and any given ¢ € ¢(B), the matrix
® = (1,,¢) is nonsingular and

0
_1 _
& 1pD — < 5 ) ®)
where B € R=1)*(=1) is Hurwitz.
(ii) Letting z, = [z},---,2"]7 =@ 'x, and
Vt:[vtla"'7v;1]71:cpilwta (9)

we have the relation

(10)
(an

1 1 1
Lyl =% Tavy,

Zp1 = (I +aB)% + a7y, t >0,



where 7, = [z2,---,2"]T and ¥, = [?,--- 7. O

In fact, the first row of ®~! is given as a unique nonnega-
tive vector w = [m,- -+, ,] satisfying zB=0 and }}_, m =
1. And under (A1)-(A3), z; converges to Z. = [zL,0,---,0]7
in mean square and w.p.1 (see [12]).

IIT. MAIN RESULTS ON ASYMPTOTIC NORMALITY

For Theorem 3, denote the limit state vector by x.. =
[xL,--,x2]T = xL1,. Since z! = mx;, we obtain z! =
n(xL1,) = xL. By the relation x, = xL 1, + &z —xL1,, we

obtain the following decomposition:

X =xL 14 () =21, + 9z (12)

Thus, under (A1)-(A3) the approximation error for x; is
decomposed into two components x{“ = (z! —zL)1, and

P = ¢z to give

X —xb 1, = x4 x9P, (13)

Clearly, x*“ € span{1,} and x*” € span{B}. Under (A1),
using the property 7B = 0, we may show that

span{1,} Nspan{B} = {0}, R"=span{l,}® span{B}

where @ denotes direct sum. Hence, x; —xL 1, has a unique
representation as the sum of two vectors (independent of ¢)
in span{1, } and span{B}, respectively. Alternatively, we may
use the fact that x,, x. 1,, and ztl = Ttx;, 71, are all independent
of ¢ to check that the decomposition in (13) does not depend
on the choice of ¢ € ¢'(B). For the case of leader following,
we can show that v,l =0 and x{“ =0, and the asymptotic
error analysis reduces to checking x;’ b

We introduce some assumption related to w;, and it will
be convenient to give the condition based on Vv;, which is
defined via (5) and (9).

(A4) The sequence {7, € Z"} constitutes vector random
variables with zero mean and covariance Q7 such that

T
lim (1/T V= 14
fim (1/7) ), 07 =0 (14)
uniformly w.r.t. £k > 0, and in addition
T
Lim (1/7) Y E[E[5io] |50, 7ia] = Q][ =0, (15)
Tee i=1
lim supE|v,| 1(j5,>k) = 0. (16)
K—e >0
Letting 2. then
k+T—1
lim (1/7) Y o7=¢6" (17)
k+T—1
Lim (1/7) ) E[E[vi[*[vg, - vi] = 67[ =0, (18)
—>»00 lik
both uniformly with respect to k. Finally
lim sup E|v![*1 (v |1=k) = O- (19)
K—’°°t>0 -
O

For the special case {w;,# > 0} being an i.i.d. sequence
with zero mean and finite covariance, (14)-(19) are satisfied.
It must be noted that the validity of (A4) does not depend
on the choice of ¢. More specifically, when a different ¢ is
used, (A4) is still true as long as all the associated variances
and conditional variances correspond to the new ¢@.

(A3’) The sequence {a;,t > 0} satisfies i) a, > 0, ii)
lim,%m(a;rll —a; ") =a>0,iii) B2 B+ al/2 is Hurwitz. O

It is evident that (A3’) implies (A3). If a sequence of
random variables {&,# > 0} converges in distribution to a
normal random variable &. with mean U and covariance X,
we denote & —>N(u X) and § 4, oo

Denote D = [;° eB10"eB 1 dt, and

D,=a26%1,11, D, =0a"'¢D. (20)

Theorem 5: Assuming (A1), (A2), (A3’) and (A4) hold,
we have i) \ﬁ e.a iN(O D,) and N o iN(O,Db) and ii)
VI +x50) 4 N(0,Dy + D). O

To prove Theorem 5-i), it suffices to establish the two
lemmas below. Their proofs are quite technical and are
given in Appendix B. Theorem 5-ii) may be proved by first
approximating v/7(x* +x*”) by the sum of finite terms of
martingale differences (similar to the treatment in proving
Lemma 7), and next carry out the asymptotic characteristic
function estimation with ¢ — oo.

Lemma 6: Under the assumptions of Theorem 5, v/ 4,

N(0,a~'D). O
Lemma 7: Under the assumptions of Theorem 5, /7(z} —
zL) 4N (0,a7262). O

Corollary 8: Under the assumptions of Theorem 5,

lim rE{x ()"} = Do = (@ *6%) 1,1}, (21)
rhmtE{)q (x,' Y =Dy=a '¢DgT, (22)
Tim tE{ (" +x)(x + 2" =Da+ Dy (23)

Proof: We obtain (21) from a direct calculation of
limy ot Y00 takok By (B.3) and (B.7), we obtain (22). To
show (23), we first take expectation to eliminate the two cross
terms in the expansion by using the martingale difference
property of the terms in the series representation of x;* and
xf’b, and the right hand side follows from (21) and (22). O

Again, we remark that both («~262)1,17 and a~'¢D§”
are independent of the particular choice of ¢ € ¢'(B).

IV. SIMULATIONS

We consider a digraph shown in Fig. 2. The noises
{w} ,wf',w, ,wil.t >0} are independent and satisfy: for
k=20,1,---, (1) if 20k <t <20k + 17, each has a uni-
form distribution on [—0.2,0.2] (with 62 = 0.01333); (ii) if
20k + 18 <t < 20(k+ 1), each has a uniform distribution

n [—0.7,0.7] (with 62 = 0.1633). Thus, the noise variances
periodically reach a much higher level, which models burst

receiver noises. The initial state vector is x;|,—o = [5,4,2]".
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Fig. 2. The digraph with 3 nodes.
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Fig. 3. Convergence of the 3 trajectories using a decreasing step size.

For algorithm (6), we take

1 1 0 -1 1
B=|05 -1 05|, ®&=|1 05 —1 | (4
1 0 -1 1 1 0

and a9 = 0.5, a; = Oti for ¢t > 1. The 3 eigenvalues of B
are 0, —1.540.5i. The first two columns in B are used to
construct ®. We express xf’b by 7 and consequently by x;.
The asymptotic normality conclusion of Theorem 5 holds for
this example since (Ad4) is satisfied and B+ al/2 is Hurwitz
with eigenvalues —0.5£0.5i when the associated B is given
by (24) and o = 2. The convergence of x; is shown in Fig.
3 which displays the first 200 iterates, and {\/fxt ,t >0} is
displayed in Fig. 4.

V. CONCLUSIONS

We have presented asymptotic normality results for the
scaled error terms in stochastic consensus algorithms. Our
analysis is applicable to average consensus based algorithms
with additive noises, which amounts to imposing additional
conditions (i.e. B has zero row and column sums, correspond-
ing to averaging with balanced graphs [17]).

APPENDIX A: PRELIMINARY LEMMAS

We need some preliminary lemmas before proving Lem-
mas 6 and 7 in Appendix B.

Lemma 9: [23], [16], [5] Suppose {&x, t > 1,1 <k <t}
forms an array of martingale differences, i.e.,

E[Exl&n,- - 76;(1(_1)] =0.

My
o1 W

w\m N \ s, /”\\m
TR A A e

oW ]

o 500 1000 1500 2000 2500 3000 3500 2000 4500 5000
iterates

Fig. 4. The scaled error component \/fxf’b.

Denote Stk = Eétk§t€7 Rtk = E(étkéf{“jll P 7§t(k—1))’ St -
Yoo S and & = Y4 & Assume
t
sup Y E[§u|* < oo, (A1)
t>1 k=1
t
}L‘E Z E|Si—Ri| =0 (A.2)
lim$; =5, (A.3)
lim Y. ElEuPl gm0 Ve >0, (A4)
k=1
Then ¢ % N(0,5). O

We give two lemmas without proof for reasons of space.
Lemma 10: Let 6 € (0,1) and suppose the sequence of
nonnegative numbers b,,t > 1 satisfies s, = Y, b; = o(t).
Then limy_oot =8 Y, i~ (1=8)p; = 0. O
Lemma 11: Suppose the sequence of nonnegative num-
bers b;,i > 1 satisfies limy . (1/7) Y k+T !'b; = 0 uniformly
w.r.t. k. Then limy .. kY5, b = 0. i

APPENDIX B: PROOF OF ASYMPTOTIC NORMALITY

We shall use C > 0 to denote a generic constant which
may vary from place to place.
Proof of Lemma 6: We have the recursion

Gt/ Va1 =(Var/ar) (I +aB) (Z ) v/ar)
(at/\/(TH) Vi (B.1)
It is straightforward to show [5]
(Var//ar) (I +aB) =I+a(B+al/2) +o(a),
L[+ aB,. (B.2)
Denote IT;; = Hi:iH(I—i— aiBy), 1 > i, where (I +

a,-+1l§,-+1) appears as the most right term in the suc-
cessive matrix product. Denote II;; = I. By elemen-
tary estimates (see, e.g. [5]), it can be shown that
11 —exp {( Yi i an)(B+al)2) }’ — 0, uniformly with
respect to / when i — oo, and [IT;;| < Criexp(—1 (Xi_1 1 a)),
where C1 and 7] are fixed constants.

By (B.1)-(B.2), we have Zi/\a1 = (I

@B;)(&/\/ar) + (ai//@rs1)F. Denote 2 =Z/\/a. Then
t 1
= H(l +aiBi)20 + Z Hz,i(ai/\/‘TH)‘;i
i=0

i=0

2t (B.3)



Since limy_o [T} (1 +ai§i) =0, it suffices to show asymp-
totic normality of Y! (IT;(a;/\/ait1)Vi. Define & =
IT; i (ax/\/arx1) V. We verify conditions (A.2)-(A.3) in
Lemma 9 with 0 < k <t; then (A.1) follows from (A.3).
Denote the o-algebra .%; = .Z (¥, -, 7). In fact,

t t
A2 Y EISk—Ry|<CY ai|TLE|E[D
k=0 i=0
Since there exist 0 < ¥ < 8 such that (i + 1)_1 <
a < B+ 17", i >0 we have alll;> < C(i +
D~ lexp(—2nk X ;i k1) < C(i+1)719(r 4 1)7%, where
0 =2nk; we take a small k so that § < 1. Then the relation

t
A<Ct+1)0 Y (k+ 1) FPE|E[55] | Fi1] — Eviy |
k=0
combined with Lemma 10 gives lim; oo Y5 E|S;x — R | =0.
Below we simply write Q; = Qf. Next, we verify (A.3) in
Lemma 9. We have

t t
S = Z Stk = Zal aH_lHt Ol

7Za H,,an,,+): (ota} + o(a})) T, ; Q1T
i=0 i=0

2545 (B.4)

Since Q; is a bounded sequence implied by (14), we have

) d 2 2 S 28 ol2a) | o(2:0)
1S71<CY @i +C Y, af > &85 +8577.
i=0 i=Ty+1

Since II;; is bounded, for any given € > 0, we can take a

sufficiently large 7; such that sup,., S,(2’b) < &. On the other

20

We continue to determine the limit for S,(l). By extending

the treatment in [5] (pp. 125) to a sequence of time-varying

covariances, we may use (B.4) to show that

Za,expB Z ag) Qiexp( BT Z ag)|

k=i+1 k=i+1

hand, lim,_..TT,; = 0. Hence, limy_... !

}im |S

where B = B+ al /2. Subsequently, we need to show that the
second term in the difference has a limit as ¢ — oo.

Fix any &€ > 0. First, by (A4) we may take a large Tj
such that sup;~o|(1/To) Y +T° —Q'| < e. For the proof
below, once Tj is selected 1t sufﬁces to consider t = kTy.
Denote M, ; = exp(BY_,. a). The estimates below appear
a bit technical. However, the basic idea is relatively simple.
Intuitively, when j is large, on the time window [jTo+1,(j+
1)Ty], since a; varies slowly, the pair (a;, M, ;) appearing in
a,-M,JQ,-Mgi may be frozen as its value at the starting time
jTo + 1, incurring only a small error. Let Ky be fixed, we
may verify that for all KoTy < i< j <i+To, |a;M, ;M —
a;jM;, /MtT, j| < CToai2 where C does not depend on (7p,Kp).

For k > Ky + 1, we have
KTy KoTp k=1 (j+1)T

Y am oMl =Y aM oM+ Y, Y, M QM)
i—0 i=0 J=Koi=jTo+1

iV | Fi1] —EWi] |

& _ )T,
where t = kTp. Then we set S; = ZL}(O ):l(] /T3+01 aiM, ;OiM, z i

and it is easy to show that

k—1 (J+1)T KT
- , )
S — Z Z ajT0+1Mt,jTo+1Qth.jT0+1‘ <CT Z a;.
J=Koi=jTo+1 i=KoTp+1
Hence
- k—1 (]+1)T0
S _{ Y Y amaMypa0 "M /T0+1‘ (B.5)
J=Koi=jTp+1
KTy
<CTp Z a? +Ce,
i:KOT0+l

where C does not depend on 7 and we obtain the term Cée
by using (14) and the fact sup;-o X5 oai|MiM];| < oo.

By switching the index j7p+ 1 back to i in (B.5) and taking
into account the error incurred, we obtain the estimate

k=1 (j+DT KTy
-Y Y amOM|<cry Y d+ce
j=Kpi= JTo+1 i=KyTp+1

where ¢t = kTj and C does not depend on (7y,Kp). This gives

kTy kTy
Za MO M| <CTy Y, @ +Ce+o(l), (B.6)
i= i= KOTO

where ¢t = kT and we have used ZKOTO al\Mm@ﬁMm =o(1).

Now, after To is selected, we may fix a large Ky so that
CTy ):l KoTo a- < &. Subsequently, we pick up 7j sufficiently
large such that for all # > Tjj, we have :Ogo a,-|M,A’,-§VM,TJ-| <
€. Hence the right hand side of (B.6) is upper bounded by
(C+2)e for all 1 > Tj. Note that for any given Ty, Ko, |S; —
5,\ — 0 as t = kTy — oo, and therefore, it follows that

11m|S, Za,expB Z a Q exp(BT Z a)| =0,
i=0 k=i+1 k=i+1
(B.7)

where the second term in the difference has a limit with
a standard integral representation [’ ) 0P "ty (see [16],
[5]). Finally, we may verify (A.4) by elementary estimates. O

Proof of Lemma 7: We write z; —zL, = - Y7, a;v/.
Let &, = \/I;Z‘;sz“ aivil. Then
E|&]* = 0(1/k) (B.8)

as k — oo. It suffices to show that \f ):k ¢ Qi v converges
in distribution to a normal random variable.

Denote % ; = VAY "/ av! and s j = kY a?c? for j>
0. Let i be the imaginary unit, and for all the estimates below,
t is interpreted as a real number. We can show that

Arn 2|Eexp{irZy v} —exp(—sint*/2)]

N
<exp(—s;nt2/2) Z ’E exp{itXy j + sk jt*/2}
j=0

— Eexp{itde-,] + Sk,j,]lz/Z}



for any N > k. Now we have
Eexp{irXy ; + sk’jt2/2} — Eexp{irX ;1 + sk’j,]t2/2}
Sexp{sk7jt2/2}|Eexp{itajv}\/l;} —exp{—t*kajo} /2}|
2 exp{sy jt*/2} Dy
For random variable &, denote H(t,&) = el's —1 — ité +

12E2/2. Let H,El) H(tajVk,v! ) ]Ez) = exp{—tzka2
1+t2ka?c7]2/2. Denote & algebra =FW,, l) Then

1 2
Dy = [EH —HP — (Pka} 2)E(E(v) | 7/ 11 o?)|
1 2
< ElH" |+ |HP | + (ka2 )2)E [E[W} 2| F)] - 63
By the elementary inequality |H(z,&)| < min{r>&2, |tE]3/6}
(see [6], pp- 292), we have

(D)« 2,21 172 3 31113,3/2
[ < 2agklv P L ey + 2V PR s

for any given € > 0, and furthermore, |H | < t4k2a46 Let
s = supkyj>k(skj/2) < oo. We have

s 2.2 A
Axy <e! { Zt a; kE|v]| 1 (Iv}>ek1/3) (=N
=

3 3;3/2100,113 A A(2)
" Zkt ak*Elvj| Lj<ertsy (5 A0N)
J=

k+N
+Y ot
j=k
ey 2, 2 112
+ Y (%ka;)2)E |EDV P17
=k
We have

oo

1
Al(clzl < supE\V]| 1 (Iv}[>ekl/3) Z

SupE|Vj| 1 ‘Vl‘>€kl/3)

where C = sup;>; kY7 ¢ aj- < oo, and

2 3.3/2+1/3 - 3 112
A]((Ji’ St k [2+1/ SZQ/E|VJ| 1(\v}\§sk1/3)
= -

<er’i/*H3 (sup EV} ) Ck % = eC’k /O (sup E|v}?)
J J

for all k > 1, by the fact that for all k> 1, Y5 a) <Ck 2.

Similarly, A,(j})v < Ct*k! for all k> 1. Next,

AR <ck Y jE|EVP T ) -
j=k
where limy . kY5, j2E|E[V}[*|Z] ]
and Lemma 11.
Now, we take N = k2, and it follows that given any
compact interval [T}, T3], we have

oj|

2 _
— 03| =0 by (18)

lim sup [Eexp{itZ; ;2} —exp(— seet?/2) =0
kﬂth[Tl Tz] '

On the other hand, we have limy_...s; ;2 = & >G~. Hence

lim sup |Eexp{irZ, ;2} —exp(—a 26°1%/2)| =0
el )

Recalling (B.8), this completes the proof. O
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