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Abstract

This paper is dedicated to the exploration of non-conventional nonlinear optics models for intense and short
electromagnetic fields propagating in a gas. When an intense field interacts with a gas, usual nonlinear optics
models, such as cubic nonlinear Maxwell, wave and Schrodinger equations, derived by perturbation theory
may become inaccurate or even irrelevant. As a consequence, and to include in particular the effect of free
electrons generated by laser-molecule interaction, several heuristic models, such as UPPE, HOKE models,
etc, coupled with Drude-like models [1], [2], were derived. The goal of this paper is to present alternative
approaches based on non-heuristic principles. This work is in particular motivated by the on-going debate
in the filamentation community, about the effect of high order nonlinearities versus plasma effects due to
free electrons, in pulse defocusing occurring in laser filaments [3], [4], [5], [6], [7], [8], [9]. The motivation
of our work goes beyond perturbative models, and is more generally related to models of interaction of any
external intense and (short) pulse with a gas. In this paper, two different strategies are developed. The
first one is based on the derivation of an evolution equation on the polarization, in order to determine the
response of the medium (polarization) subject to a short and intense electromagnetic field. Then, we derive
a combined semi-heuristic model, based on Lewenstein’s SFA (Strong Field Approximation) model and the
usual perturbative modeling in nonlinear optics. The proposed model allows for inclusion of high order
nonlinearities as well as free electron plasma effects. We have developed alternative analytical techniques in
order to properly include free electron and high order nonlinearity effects in polarization models.
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1. Introduction

1.1. Introductory remarks

This paper is devoted to the derivation of non-standard nonperturbative nonlinear optics models for
intense electromagnetic fields propagating in a gas. This work is strongly motivated by the recurrent debate
in the nonlinear optics community, regarding appropriate choice of nonlinear optics models for modeling laser
filaments, in particular appropriate models for high order nonlinearities and plasma of free electrons. These
issues were already discussed in the celebrated papers [10], [L1]. Over the years, several models were proposed
and the interested reader can refer to several complete review papers [1], [2], [12]. Although, some ellaborated
models (HOKE, UPPE [13], [14]) allow for accurate simulations and analysis of laser filamentation in several
physical frameworks [13] , [15], [16], [9], [7], [17] at high intensity accurate modeling of the generation and
evolution of plasma of free electron and nonperturbative nonlinearities, is still an open problem, which is in
particular studied in [6] [18], [19], [3], [4], [8], [20].

The first approach which is proposed here, consists of an extension of a micro-macro model constituted by
Maxwell’s equations, ME’s, and Schrodinger equations, TDSE’s, modeling the nonlinear response of a gas to
an electromagnetic field, see [21], [22] and [23]. From a practical point of view, this model confronts a major
issue, which is the huge computational cost for computing the polarization using TDSE’s. As a consequence
realistic simulations are only possible on very short propagation distances, which makes this ab-initio model
irrelevant for filamentation for instance. In order to reduce the overall computational complexity, a model is
then proposed which is based on a transport-like equation, modeling the time evolution of polarization. This
additional equation allows for a drastic reduction of the number of TDSE’s to be solved, and then of the
overall computational complexity of the numerical model. Although we still do not expect the model to be
efficient enough for simulating filamentation, it may be a good candidate for a fundamental understanding of
this phenomenon [1], [2]. This strategy is first developed in details for circularly polarized pulses and is valid
for ultrashort pulses. Other strategies based on geometrical optics or Kirchoff’s formula are also proposed
for more general pulses.

In the second part of the paper, we propose to derive from the Strong Field Approximation (SFA) model
[24], for intense laser-molecule interaction, a macroscopic nonperturbative nonlinear optics model. As first
order nonlinearities play an important role in field propagation, Lewenstein’s SFA model, which cannot be
treated by 1-D models, is coupled with a traditional perturbative nonlinear optics model [25]. We will also
show how far we can go in the explicit and rigorous derivation of the dipole moment including bound and
continuous states, using the density matrix formalism.

1.2. Mazwell-Schrédinger model

We recall that the Maxwell-Schrédinger model developed in [21], [22] and [23] is based on the coupling of
the 3D macroscopic ME’s with many TDSE’s under the dipole approximation (electric field is supposed to be
constant in space at the molecular scale). This is valid when the smallest internal wavelengths A, ;;, of the
electromagnetic field are much larger than the molecule size £, that is £ < Ay;y, (typically Api, ~ 800nm
where ¢ ~ 0.1nm). We then define the ME’s on a bounded space domain with a boundary T', and x’ =
(x',y',2")T denotes the electromagnetic field space variable. At the molecular scale, and working under the

T
Born-Oppenheimer approximation, we will denote by x = (x, Y, z) the TDSE space variable (for electrons).



The molecular density is supposed to be constant in time, continuous in space, and is denoted by A (x’).
The equations we consider are the following ones:

aB(x, 1) — ¢V x E(X,1),

A E(X 1) = ¢V xB(x,t) - 4r(8,P(x,1)),

V-B(x,1) = 0, W
V- (B(X,t) +47P(x', 1)) = e(N7—AL).

Polarization-TDSE is written as:
P(x',t) = N(x') 202 Pi(x/st) = N xa. (x) [gs i(x, t)x7 (%, t)dx,

v2 (2)
iaﬂ/}i(xa t) = —7)(1/)1-()(, t) +x- Ex; (t>1/)1 (Xv t) + VC(XW% (Xv t) Vi € {17 s m}

where V& denotes the “Coulomb” potential. Computation of the TDSE provides complete wavefunctions, in-
cluding ionization, that is a continuum spectrum of free electrons propagating in a laser pulse. Such electrons
can recombine with the parent ion with maximum energy I, + 3.17U,, where I, is the ionization potential
and U, = E?/4mw?, the ponderomotive energy acquired by a particle of mass m in a field E and frequency
w or with neighbours with energies exceeding 3U,, [26], [27]. In (1), §2; denotes the macroscopic spatial
domain containing a molecule of reference associated to a wavefunction ;, and P; denotes the macroscopic
polarization in this domain. In other words, Domain €; contains N(x')vol(£2;) molecules represented by
one single eigenfunction v; (under the assumption of a unique pure state). Naturally we have U™, = Q.
We now assume that the spatial support of 9; is included in a domain w; C R3, which is supposed to be
sufficiently large. We allow free electrons to reach the boundary w; and we impose absorbing boundary
conditions on dw;. We refer to [23], [26] for a complete description of the geometry of this model. Functions
Xq, are defined by x ® 1, where x is a plateau function and 1q, is the characteristic function of ;. Finally
E,: denotes the electric field (supposed constant in space) in €2;.

The overall complexity of this model is huge due to the very large number of TDSE which must be solved in
order to get an accurate description of the medium response. Details can again be found in [26], [27]. In this
paper we propose some models to reduce considerably the complexity of the ME-TDSE model. The principle
is based on the derivation of a transport equation satisfied by the polarization vector, which will be coupled
to ME’s. Although the model still contains TDSE’s, the evolution equation for the polarization, P, allows
to reduce drastically the number of TDSE’s involved in the model. The most simple polarization evolution
equation is an homogeneous transport equation. More accurate models are then proposed, including, in
particular, the electric field variations. Models for circularly polarized electric pulses, Gaussian beams, as
well as general electric fields are presented.

1.3. SFA model

The second strategy is based on the estimation of the medium polarization P(x’, t), modeling the response
of a medium to an electromagnetic field, from molecular dipole moments, as a combination of contributions
derived from Lewenstein’s SFA model [24], and from usual perturbative modeling [25]. Classical nonlinear
optics models are derived from ME’s coupled with field-molecule TDSE’s. The TDSE’s are mathematically,
solved using perturbation theory, allowing for explicit expressions of molecule dipole moments, then of the
polarization. Although, this approach gives accurate nonlinear models for not too intense electromagnetic
fields, when ionization occurs, these models can fail for precise description of all the complex nonperturba-
tive nonlinear phenomena occurring during laser-molecule interactions (ATI, HHG, plasma of free electron
generation, etc). Heuristic models are then derived [1], [2], in order to include, free electron contributions.
The SFA model is derived from the transitions from free to ground states:

Y (x,t) = eil?t(qﬁo(x) + /dgvb(v, t)v)



for a ground state ¢ and ionization potential I,. It allows for an accurate modeling of laser-molecule
interaction for intense pulses. The second part of this paper is then devoted to the derivation of a combined
model, including the features of both the SFA model and the classical nonlinear optics perturbative models.

1.4. Organization of the paper

The paper is organized as follows. Section 2 is devoted to the modeling of the polarization, based on an
evolution equation. More specifically, in Subsection 2.1 transport-like equations modeling the polarization
vector evolution, are derived and are coupled to the ME’s, for circularly ultrashort polarized pulses. The
case of general 3-d electric fields is proposed in Subsection 2.2. In Appendix, other extensions are proposed,
including an evolution equation of the polarization for Gaussian beams. Then, the methodology is extended
for long pulses in Section 3, under the paraxial and slowly varying envelope approximations Subsection 3.1.
Subsection 3.2 is dedicated to geometrical optics techniques for deriving a polarization equation. In Section
4, a combined SFA and perturbation approach is then presented. First, Subsection 4.1 is dedicated to the
derivation of a Liouville-like equation for free and bound states. However, the complexity of the derived
equations does not allow for an explicit computation of the matrix density, and of the dipole moment
without using perturbation theory. Then Subsection 4.2 is devoted to SFA-like models including high order
nonlinearities. Concluding remarks are proposed in Section 5.

2. Polarization evolution equation for very short pulses

2.1. Ewolution equation on the dipole moment: circularly polarized field

We assume first that the external electromagnetic field is circularly polarized, which satisfies in vacuum,
the following equations:

8tEm/(z’, t) = —C2az/By/ (ZI, t)

8tEy/(Z/, t) = +628Z/Bz/ (Z/, t) (3)
ath/(Z/, t) = +8Z/Ey/ (Z/, t)

atBy/(Z/, t) = —ZL/Em/(z’, t)

E..(z',t) = Eof(kz —wot)sin(kz’ — wot)
E,(Z,t) = —Eof(kz —wot)cos(kz’ — wot)
B,/(Z',t) = —Bof(kz' —wot)cos(kz’ — wot)
B, (#',t) = Bof(kZ —wot)sin(kz’ — wot)

where f is the envelope of the initial electromagnetic field, k = wg/c. In Fig. 1, we illustrate an example
of a pulse we will consider, where we use atomic units: FEy(a.u.) = 5 x 10°V - em~! corresponding to
I = cEZ/8m = 3.5 x 101W - em™2, T(a.u.) = 24 x 10785 = 24asec, ag = 0.0529nm, e = h = m, = 1.
Within the ME-TDSE model, interaction with a molecule requires the solution to TDSE:

Zaﬂfi - —%Aﬂ} + ‘/C(X)l/} +x- Ex/ (t)1/)

with x = (z,y), Ex' = (Ey, E,). In velocity gauge [28], this is written equivalently as:

g | [Ax Ol
Zatw - _§A'l/1 + V::(X)’lﬂ + ’LAXI (t) . V’lﬂ + ?’lﬁ
with Ay = (Ay, Ay), Exx = —0;Ax. The computation of the wavefunction ¢ of a molecule “located in

x'”, allows to deduce the dipole moment d as follows

«aw:/|wxm%mw
RZ



Time in a.u.

Figure 1: A circularly polarized pulse, E(z’,y’,t)

Following [29] and [30], we now derive an evolution equation for d. Assuming that the wavefunction of
molecule m; “located” in x} = (1, y1, 21) is known, a sequence of evolution equations to estimate the dipole
moment of molecule my “located” in x5 = (zf,y], z5) with 25 > 2{, can be derived as follows.

Model 1. If |AZ'| := |z, — 2| is small enough, we may assume that a circularly polarized electromag-
netic field interacting with molecule ms is almost identical (up to a time delay) to the one which molecule
my is subject to. Note that overall, we obviously do not assume that the electromagnetic field propagates
as in a linear medium (or vacuum) in Maxwell’s equations. In that case, let us define 1); the wavefunction
of molecule m;

Db = — 5 + Ve - Bult)os,

and d(x}, t) the corresponding dipole moment, with ¢ = 1, 2. In addition E;(¢) = E(x}, t) denotes the electric
field that molecule m; is subject to. The above assumption mathematically implies: Ea(t) = Eq (t — Az’ /vy)
and as a consequence
Az
d(xy, 1) = d(x, 1 — —) (4)

Vg

where vy is the group velocity (¢ in vacuum). Then the polarization P satisfies for 2’ € [z{, z5] the following
transport equation

OP(x',t) +v,0,P(x',t) =0 (5)

with initial data P(x],) = Nod(x], ). The model is then purely macroscopic (except for the computation of
the initial data for P), see Fig 2. This model is applicable as long as |AZ’| is small enough, or if the molecule



density is small enough, that is as long as the effect of the medium on E during the pulse propagation from
X} to x5 is sufficiently negligible to not be included in the dipole moment calculation of molecule mz. In order
to include medium effects on E in the propagation from x} to x5 an improvement of the model is necessary.
In particular, this approach will allow to consider larger propagation lengths.

TDSE calculation TDSE calculation TDSE calculation
for initial data for initial data for initial data
Macroscopic modeling Macroscopic modeling Macroscopic modeling
z

Figure 2: Macroscopic model with initial data from TDSE

Model 2. We now assume that the effect of the medium is sufficiently strong to make the assumption
E;(t) = Ez(t — A2’ /vy) inaccurate. In that case, we have to include Ex(t) — E1 (t — A2’ /vy) in the interac-
tion of the field with molecule my. We define (see also the remark below about nonlinear modeling):

AE(r) = (AE) (1), AEW) (1)) := Ba(t) — Ba (1 - A_Z')

Vg
Now assume that 1, the solution to:
. 1
i0phy = —§A¢1 + Ve(x)h1 +x - Eq(t)y
from which dipole moment d(x},t), is obtained and that ii)
) (), 8) = [y 22x[t01 (x, )" dardy,
2
W (x),1) = [z y*x[t1(x,1)|"dudy, (6)
Sl (3}, 1) = [ yx[ifn (x, )| dady
Then, in order to solve:
) 1
i0pthy = —§A¢2 + Ve(x)2 + x - Ea(t)1h2 (7)

for ¢ € [tq,ts], we solve, using an operator splitting method (from Trotter-Kato’s formula)

, 1 Az .
O = =5 + Voo +x - Bu (t= — v, t€ [ta,t]];

9
Ya(-,ta) = do(-)
then

iati/JQ =X- Ag(t)’(/)g, te [ta, tb],

¢2('7ta) = ¢2('=t?§)



where t; = t;. Using that

¢1(',L‘a -

The solution to this equation is approximated by:

ba(x, ) ~ 11 (x, ty— A—Z/) (1 —iATx- Aé’(ta))

Vg

where AT = t;, — t,. Note that the choice of approximating AE at t,, is arbitrary (anytime time ¢ in [t,, t5)]
would be acceptable, in principle). That is

!/

ol = [on (ot = 55)[[ (14 472 22 (®)
So that
e )~ d(xll’tb - Aj) * AT2((A5(1)(ta))2c(””) (X’l,tb - Av:/)

/ /
+(AED (1)) e (x4, 1, — sz ) + 288 (1) AED (t)e) (x4, 1, — Az )

g Vg

and from which we can evaluate P(x},t,) = No(x5)d(x}, tp).

The operator splitting used above induces an error between the approximate 1/)5‘1)(-, tp) (computed in (8)),
and exact wavefunction 1/158) (-, tp) solution to

) 1
10pthy = —§A1/12 + Ve(x)th2 + x - Ea(t)1)o

is of the form O((tb —ta)*x - AS(ta)A1/J(~,ta)). As a consequence, we can evaluate the error between the

exact polarization P(©) (x5, ;)
P (xh, ty) = No(xh)dy” (x, £) = No(x)) /R s? (x, 1) Pxdrdy
and approximate polarization P(® (x},t,) computed from (9).

Note that from a practical point of view this approximation is accurate in principle, for (¢, —t,)
small enough as the splitting error leads to

}P@ (xh, 1) — P (x), m] ~0 <N0(x’2)(tb - mﬂAg’l)

In practice however, t;, —t, is large, corresponding to the overall computational time for TDSE.
Typically for a N.-cycle pulse of wavelength A, as (t, —t,) = N\ v,

[P s 1) — P 3y, )| = O (No<x’2> [NCAT\AS\;) (10)

Vg

This makes, in practice, this approximation only relevant for very short pulses, or equivalently

for ‘AS‘ small enough.



We deduce from this estimate that the polarization computed above is accurate as long as No(x5) (Az/vg) * | AE ‘io
is small enough. This means that: for low density medium and/or short enough propagation length, and/or
small electric field variation approximation P(®)(x}, ¢,) is accurate.

Under the above assumptions, a macroscopic model can then be derived from the above calculus. We
set

Q@YY (. 1) := No(-)c™¥ =) (. )
and

OP(x',t) +v,0.P(x,t) = fot [AE(XI,S/),Ag(XI,SI)}QdS/

atQ(X/a t) + vgazQ(X/a t) =0
where for © € My2(R) such that
Q@ =)
Q =
Qv QW)
with Q@Y7 in My, (R), [, -]q : Ma1(R) x May(R) — Moy (R) is defined as follows. For T', A € Moy (R):
[T,A], = A T.0% + A, T, Q% + (AT, + A,T,) Q)

The initial data (at t = t,) satisfies

P(x',t,) = P(x'l,ta—z it
Y (12)
r

Q' ta) = Qxhta-—1)
Vg

with Q matrix function with values in My2(R)

Q(z)(x/, t) Q(ry)(xg t)

Q(x',t) =
QU(x,t) QW(x,1)
and
AE(X,t) =E(X,t) - E(x/,t — AU—Z/)
9

This set of equations is then coupled to ME’s (only): (11), (12), (1). From x} to x4, the model is then
purely macroscopic. Schrédinger’s equation is only solved to determine the initial data of P and Q at xj.
This approach allows to take into account variations (including linear, nonlinear medium effects as well as
diffraction) of electromagnetic field which may occur during the propagation from x} to x5. Note that the

RHS of (11), can in particular be interpreted as the polarization change due to diffraction, and medium
nonlinear effects.

The evolution equation for P is then coupled to ME’s (1) for modeling the propagation of the laser pulse
over (21, 25). Polarization at (z',y’, z') for 2’ > 24, is then computed again using the TDSE from (2). More
specifically, the domain is decomposed in subdomains in the 2’ direction, and only at certain locations of
each sudomain, the TDSE’s are computed to evaluate the dipole moment. At other points, the macro-
scopic evolution equations on P are used. This methodology is summarized in Fig. 3, where the dipole
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Figure 3: Spatial evolution of polarization

moment/polarization is computed from TDSE only for certain 2z’ (Z,, Z, on the figure). Elsewhere, the
evolution equation for P, allows a “cheap” (as fully macroscopic) computational evaluation. Computational
details can be found in [29], where this strategy is presented in 1-d dimension, and where it is shown that
a reduction of almost two orders of magnitude in the computational complexity can be reached. From a
practical point of view, the range of application of the presented approach is then limited only to very short
pulses. We present in Appendix A, an extension of the method for Gaussian beams.

Remark 2.1 (Estimation of the group velocity). In our models, to estimate the velocity group vy in a
given medium and for which ng, ne are approximately known (from M, X(B)), we use a standard approach.
Start from n =~ ng + na|E[?, where ng (resp. na) is the linear (resp. second nonlinear) refractive index and
ng, the group velocity

Y )+

In first approzimation, we can take vy = c/\/1+ x(1), where X1 is the instantaneous linear susceptibility.
Note that a precise estimate of the group velocity is in fact not essential (except for Model 1), but allows for a
reduction of ‘A8|OO and we can then expect a reduction of the splitting error, in particular when a low-order
operator splitting is used (Model 2), and then a more accurate modeling of the polarization evolution.

We conclude this subsection by a remark regarding the backward propagation.

Remark 2.2. As we are interested in multidimensional electromagnetic field propagation, it is important to
mention that backward propagation should be included in the derivation of the polarization evolution equation.
We should then derive a second PDE of the form

OuP —v] AP = S(E)

with initial data to determine from quantum TDSE. This is possible extending the arguments developed
above. This time, we will use: P ~ xY(WE + x®E?, where x() and x® are estimates of the first and third



instantaneous susceptibilities. That is

P 1 P ®3)
Er —5——5— =0 <1 - Bl ). (13)
X MO X
1+ T|E|
X

Then substituting E from (13), in the wave equation, and including the current density J:
O’E - *AE—-V(V-E) = —47(0?P +0,J)

Note that J satisfies the following evolution equation [2], [21], where v, is the collision frequency:

e%p
8tJ + I/eJ = E

Me

Thus, we get a general equation for P, which writes:
A3
B XD (1 + 4mxD)

4D

T (14)

1
P —vIAP = A(P|E]?) — 07 (P|EJ?)
C

This equation is then coupled to the usual wave equation, and the initial data P(-,0), 0;P(-,0) are computed
from TDSE’s, following a similar approach as above. Note that (14) is a general wave equation for P from
which we can derive for instance (5) or (11).

To illustrate this model, its strengths and its limits, we propose a numerical example which consists of the
comparison of harmonic spectra of an electric field solution to a non-homogeneous 1-d MFE’s, coupled with
Schrédinger equations. Molecules are supposed to be aligned, and we compare the electric field spectra,
when the response (polarization) of the medium is computed from, respectively, 1024, 256, 64, 16, 4 and 2
TDSE’s. The physical data are as follows:

e Ny =1.2 x 107° mol-(volume unit)~! in atomic unit.
e number of cycles &~ 7, and wavelength 800nm.
e the total propagation length is ~ 30um, including ~ 10um in the gas.

As expected the spectra are quite close, even when the polarization is computed from 4 TDSE’s versus 1024,
see Fig. 4. In Fig. 5, we represent in logscale, the L2-norm of the error with respect to the spectrum of
reference (computed from 1024 TDSE’s), as well as the estimation of the CPU/storage gain. Roughly, we
can estimate that dividing by a factor N the number of the TDSE to solve (compared to a full Maxwell-
Schrodinger model), allows to reduce by a factor N the overall computational complexity and data storage.

We now propose the same example (same data) except that the medium is 5 times denser that in the
previous example. In that case, we expect that nonlinearities will deteriorate the numerical solution, see
Fig. 6. In that case, a good representation of the medium requires more TDSE’s, which increases the overall
complexity of the simulation. More advanced models should then derived to include nonlinearities.

2.2. Generalization

This section is devoted to a generalization of the methodology which was developed above for circularly
polarized and Gaussian fields (Appendix). We consider the full 3-D Maxwell equations coupled with TDSE’s.
We are first interested in computing the dipole moment of molecule m,, located in x/, at time ¢. In this goal
we have to evaluate the wavefunction v, solution to the following TDSE

10¢)o (X, 1) = ( - %A +Ve(x)+x- Ea(t))wa(x, t)

10
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Figure 4: Electric field harmonic spectrum comparison for 4, 16, 64, 256 and 1024 TDSE’s
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Figure 5: CPU/storage gain and L2 —norm error, as function of TDSE’s

and deduce the corresponding dipole moment d(x/,,t) = d, (). We assume that E, (¢) =~ ZiL:1 oE;(t—T)
where T is some positive real number such that ¢ — 7 > 0. This approximation comes typically from
Kirchhoff’s formula:

/ _ 10 / t ’
E(x,,1) = Eg(t /|5|—1 E(x), +c(t — T)f)ng) n E/g—l OB (X!, + c(t — T))dSe

11
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Figure 6: Electric field harmonic spectrum comparison, for 4, 16, 64, 256 and 1024 TDSE’s.

We set x(+, 1) := ZJL a;p;(-,t —=T) for t > T, where ¢, is solution to

(0,5 (x, 1) = ( _ %A +Vo(x) +x - E; (t))qu (x,1)

which are assumed known at time ¢t —7T', as well as d;(t —T'). These are wavefunctions of molecules “located”
on the sphere of radius ¢(t — T') and center x" according to Kirchhoff’s formula. Thus

L
iOrx(x,1) = ( - %A + Vc(x)> x(x,t) + Z a;jx-Eit —T)g;(x,t = 1T)

j=1

that we rewrite
, 1
i00x(x,) = (= 50+ Velx) + % Ba () ) x(x,1) + F(x,1)

where

F(x,t)=x-Y a;(Ej(t—T) - Ea(t))¢;(x,t - T)

j=1

We denote

1
i0ba(x,1) = (= 30+ Velx) + X Ba(t) ) Ya(x,1)
We denote dg(t) the dipole moment associated to a virtual molecule of Wavefunction x, that is:

ds(t) = [es IX(xt)*xdadydz = Eﬁjzl @i [ps Gi(x,t — T)dj(x,t — T)xdxdydz

12



Now we introduce d%c)(t), d%u) (t) such that

ds(t) = a5 (1) + d5 (¢)

with
A1) = Y 03d(t-1)
dgu)( ) = ZZ—L#;MZI ;) [gs Gi(x,t — T)g;(x,t — T)xdzdydz

We also have

Vo (X,t) = x(x,t) + ea(x, )

where ¢, satisfies the equation

iea(x,t) = (— %A + Ve(x) + x - Eq(t))ealx, t) — F(x,t)

with null initial condition.
t

Ea(x,t) = _Z-/t {(_ %A_FVC(X) +x~Ea(s))aa(x,s)}ds+i/ F(x,s)ds

T T
In the following, we denote

w0 t)i=i [ (By(s = T) = Bals)) 05,5 — T)ds

T
so that

t L
/ F(x,s)ds = Z a;x - n;(x,t)
T =

We now use the approximation
L

"/’a(xv t) ~ X(X7 t) + Z a;x - nj(xv t)
j=1

and
x(t) = Zi[:jzl o fgs (%0 mi(x, 1)) (x - 7 (x, t)) xdadydz

=35 0 fra x - (i (OX(E) + 7 (6)x (1)) xddydz

which is again justified by the assumption of non-interaction of electrons attached to distinct molecules.
da(t) = dY) (1) + d5” (1) + x(t)

Now we argue that in first approximation x and d™ can be neglected. Indeed, the Maxwell-Schrodinger
model is derived assuming that molecules m; and m; for ¢ # j, do not interact, that is (¢;, ¢;) = (m:,n;) = 0.
That is

da(t) ~dY(¢) Zazd t—T
This equation leads to an expression of the polarlzatlon of the form
Z a2d (xi,t—T)

where the x; lie on a sphere of radius ¢T' and center x.,. From a practical point of view, this relation is of
little interest, as the dipole moment computation in one single location requires computations in several loci.
However, from a more theoretical view point, it gives interesting information about the global picture.

13



3. Polarization evolution equation for longer pulses

The next two subsections are dedicated to the derivation of an evolution equation for the polarization
under the paraxial and slowly varying envelope approximations. We then no more assume that the pulse
duration is ultrashort.

3.1. General model under the parazial approximation

The interaction of the laser field with the medium breaks the possible symmetry of the incoming pulse.
We here propose an extension of Subsection 2.1, when paraxial approximation is assumed [31]. We write the
electric field propagation in direction e,/ as

E(X/J_a Z/v t) = A(X/J_v Z/a t)ei(kzwlim)ez’
Say at time ¢, and in (X', ;,27), the initial polarization P(x', ;,t,) and its derivative 9,P(x/, ;,%,), will be

computed from a TDSE

1
10 = —§A1/11 + Ve(x)1 +x - E(t)yy

with initial data 1 (t = t,) = ¢. Now we seach for an evolution equation for P starting from (14) but under
the paraxial approximation. In this goal we search for P and J in the form

P(x),2,t) = TI(x,2 t)eiF=*"~“Ne_, (15)
I, 20 = A2 el —whe, (16)

where A, I, A are the slowly varying complex amplitudes. We intend to rewrite the wave equation coupled
with (14) under the SVAE. We first get

AE = (ALA+O2A+2ik.000A k2 A)ellhr? e,
OPE = (02A— 2iwd A — w?A)eilhrs'~we,,
Now as
0 = (0A — iwh) il ? —wt),

the continuity equation can be rewritten

e2p
Me

A = (iw—ve) A+ —A

Thus we also have
€2p i(k It
8,3 = (— VeA + —A)el( s —wt)g

Me

We now rewrite the nonlinearity in (14) (RHS), as follows

(02 — 2A) (PIE]?) = (af (either=' =TI A2) — c2A | (TT|AJ?)

—20?, (ei(kz,z/—wt)nlAP)) cilhorz' —wt)g

14



Now we rewrite

AJ_(H|A|2) = |A|2ALH+HAL|A|2+2VL|A|2 -V, I
35/ (ei(kz/z’,wt)H|A|2) — ik 2 —wt) ( _ k2H|A|2 4 2ik|A|282/H 4 2ikH82/|A|2
+2(0./| AJ2) (0/1T) + TIO2 | A2 + |A|2a§,n)

02 (eilk=r = =wOI|A2) = ei(kz’z’*“t)(—w2H|A|2—2iw|A|28tH—2in8t|A|2

+2(0|A[?) (0,11) + TIOZ| A2 + |A|233H)
We now apply the SVEA that is

%Al < kyl0.A] < KA
M| < kul0o,10 < K|
6§A‘ < w0 A < w?A]

2!

21| < wlodl < W3
Then, we get a full model.
ic ik, c Ve ip
OtA+ O, A = AN A+4An | -0 Il + I+ —A-—A
2k, 2 2w w
c ic 2imx W, 2imxMp
o+ ——— o1 = —— A A—dnyWDIT + A —
! 1+ 4mx™ 2k (1 + 4wy (™) + ™ (1 + 4mx W) ck., (1 +4mx M) k.
. (17)
2ie  x® JAPALTT+TIA AP +2(V 1 [A]2) - (V.110)]
ko (1+ 4my W) XD - - - .
—L [|A|2(8 I + 0, 1T) + I1(0|A]? + cd /|A|2)}
X(l) (1 + 47TX(1)) t z t '~
O A = (iw—ve)A+pA

The interest of this model is that it gives an accurate description of the polarization envelope (then of the
electric field envelope). Again, the evolution equation on II is used, only in a localized spatial region, and
from initial data P (-, t,), ;P(-,ts), computed from TDSEs following the same technique as the one described
in Section 2, except that we can now consider much larger propagation distances. Naturally from (17) it is
possible to derive more simple models neglecting certains terms of the RHS.

3.2. Geometrical optics approach (two-dimensional case)

We here discuss an approach based on the geometrical optics techniques which allows to derive a more
simple model than (17). We will follow strategy and notation from [32], in order to reduce TDSE computa-
tions. Starting first from E(x’,t) = Re[A(x/, t)ei(kf’SE(x,)*“’t} e, then working in the moving frame 2’ + 2’
and t' < t' — 2’ /vy, allows to get ride of the time dependence in the envelope calculation, with x" = (', 2’)

E(X/) = A(x')eikosE(x/)ezl
which satisfies the following Helmholtz equation

V2EX) + k*(x)E(X') =0

15



with k?(x') = k§ (1 + F(JU(x)|?)), and F a function, modeling to the medium response to the electric field.
Note that F' null corresponds to a pulse propagation in vacuum. The eikonal and transport equations which
follow, by identifying terms in ko and k3, are

VSg(x') - VSg(xX) 14 F(A2(x)),

2VSE(x') - VAX') + AX')V2Sg(x') = 0
Then, under the paraxial approximation, the envelope can be rewritten U(x') = A(x')e?*0Su (), assuming
ko > 1 and Sy = Sg — 2’ where Sy(x') = F(|U|?)z’. Ray trajectories are given by {(x’(a),a),a € R},
where
d /
%(U) = VSy (x'(0))

According again to [32], we can assume z’ & ¢ (high power beam) so that we can parameterize the rays in
2" (direction of propagation of the pulse).

The main idea is now to use rays in order to reduce the TDSE computations.

Uatz =0

Figure 7: Ray path

1. The starting point is to model Sy (x') = 2’ + F(|U(x')[?), where F is a medium dependent function,
modeling the Kerr effect (self-focusing), such that:

F(UI?) = XU

The susceptibility x® is medium, as well as time and space dependent. In first approximation x(3) can
be taken constant. However, it is possible to more precisely determine its value via TDSE computation
[3]. We can rewrite F,, such that
F.(UP) =x$ 0P
where x((f’) is computed from a TDSE for a molecule “located” at («f,,0). In vacuum, F is set to zero.
2. Determine the ray trajectories assuming that 2z’ = o:
dr’ 1
@(z/) = —§8I/SU (I/(Z/), z’) (18)

with 2/(0) = z{, given.
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3. Determine A along the rays, from the transport equation

Z—ﬁ(w%z’)) = —%A(w%z’))m/su (2 (). 2") (19)

From there, U is deduced along the rays: U(a2'(z'),2) = A(2/(%/), z’)eikOSU (m/(z/)’zl). In practice, the
electric field will be computed from ME. However, this information is relevant from a practical point
of view, in order to estimate the polarization.

4. We assume that for a molecule “located” at x/ , there exists a trajectory {xfl(a), o> O}, passing
through that point. Except in vacuum, U(x') = U(x/(c)) # U(z/,0)). In the moving frame, the
electric field the molecule is subject to, is identical to the one applied to a molecule “located” at (0, zg),
with zj < z;,. More specifically, there exists a level set denoted by Cq(c), of normal vector V.Sy (C(0))
and passing though x/,, which intersects the line 2’ = 0, at say Z/B Along this curve, the electric field
is constant, and in particular: E(x/,(c)) = E(0, Z;B) as well as P(x/,(0)) = P(0,2). We may assume
that P(O7 zg) was evaluated from a direct TDSE computation. From this remark, we can construct a
continuous equation, modeling the time evolution of the polarization. As along C, (), the polarization
is constant, we obviously get:

By assumption 2’ & o, so that

dc(z")
0.{P(c(z))} = —=VP(()) = 0
or equivalently in the moving frame
dC./ (2")

0. P(C(x")) + 0. P(C(z)) = 0

dz'
In the fixed frame we get

dC;E/ (Z/)

dz’

P (C(2'),t) + v,0.P(C(2"),t) + v, 8. P(C(z"),t) = 0 (20)

The equation models, along the level sets, the evolution of the polarization, taken into account, the
propagation and nonlinear effects. Diffraction effects are here assumed negligible.
From the above analysis we can then determine the rays, x/(c), as well as U (x/(0)) and Sy (x'(0)) (U and
Sy along the rays), starting from any (xl_, 0). We denote by x/, (o) the ray:
dx!,
do

(0) = VSy (xl(o))v X;(O) = (xll,ou O)
At for any x’ such that x’ = x/, (), a molecule located at x’, will be subject to the field

E(x',t) = U(x}(0),t) cos (wt — koSu (x&(o)))ez/
For (0, zj), such that U(x}(0),t) = U((O,z;}),t), then

E(x',t) = U((25,0)) cos (wt — koS ((0, 2)) ) e
From a practical view point, it is then necessary to evaluate the level sets C(c). in order to solve (20). In
conclusion, geometrical optics is not used here to directly update the electric field, but (only) to determine
the nonlinear response of the medium in the wave equation, without a direct TDSE computation. Note that

in vacuum, F = 0, dA(x'(0))/do =~ 0, that is A is constant along the ray (= A(x’(0))) and only the phase
Sy (x'(c)) evolves.
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3.8. Polarization reconstruction

Polarization is often deduced from TDSE in the hypothesis of a unique pure state, that is at (x/,t),
polarization is given by

P(x',t) = No(x')d(x', t)

where d(x’,t) is the dipole moment of a molecule “located” in x’.

consists of setting

A natural extension to p pure states

P(x',t) = Np(x) i dV (' t)
=1

where dW (x,t) = (¥ |x|yp®) and ¥® is solution to

0 (e, t) = (Ho +x- Ba(0)J(x,). 0(x,0) = du(x).

with Ho¢; = €;¢;. From a practical point of view, solving this p TDSE’s can easily be implemented in
parallel (multi-threading for instance) as each TDSE computation is done independently.

4. SFA nonlinear optics models

The method which is developed in this section consists of coupling bound and free states in the solving of
TDSE, in order to determine molecule dipole moments. More specifically, the overall strategy is to determine
the bound state contribution combining the usual perturbative approach for weak fields, and a Lewenstein’s
SFA approach for the free state contribution, as well as the bound-continuous state interactions; however
we do not limit the interaction to free states of the continuum with the ground state like in [24]. In fine, we
determine an explicit approximate solution to the TDSE, and of the dipole moment allowing to accurately
model the polarization in Maxwell’s equations. We refer mainly to [25] for the notation and derivation of
perturbative nonlinear optics modeling and [24] for the SFA model. Before presenting this model, we first
derive a general Liouville equation, Subsection 4.1, including bound and continuous states, from which, in
principle we could derived macroscopic polarization. However, due to the complexity of the derived model,
it is expected of poor interest from a practical point of view. 1

4.1. General non-perturbative approach. How far can we go ?

In this subsection, we consider the general situation:
00 = (Ho + - E(t) ), ¥(x,0) = o

We consider the case a unique pure state. We search for a wavefunction in the general form:

wxt) = 3 enton() + [ ettt mpcln)d (21)

n Oc

where i) 0. denotes the continuous spectrum of Hy, ii) p. denotes the spectral density in o, iii) ¢. satisfies
Hode(x,A) = Ape(x,A) (where “||gc(-,A)]|L2 = +00”, and finally iv) c(¢, A) = (¢(-, A)|(+,t)). Assuming
that the full spectrum (including eigenelements) is known, we have to determine (cn(t))n, (c(t,N) ) as well
as p(A). In the following, the discrete spectrum elements of Hy are denoted ,,. For any n € N:

{0e|¢n) = ((Ho +x - E(1))¢|¢n)

and for any A € o,

W(0u]de (-, N) = ((Ho + x - E())¢|¢c(- )

18



We set

Ho(A) = E(1) - (x¢n|0c(-, A))
Kn(A) = (E(t) - (x¢c( N)[dn)
E(t) - (x¢c (- Alde (-, 1))
(@ N[ @e(- 1))

=
>

=
I

D(A, p)

and

prn(t) = €y (D)en(t), pma(t) = i, (D)c(t, ), pam () = ¢ (E, N)em, pau(t) = (8, Me(t, 1)

We prove in Appendix B, that for all m, n, A, u:

pon®) = 05 Hospon(®) = oo () o +3 [, (pn(O) K5, ()02 (1) = prun () () (n) ) iy
pua(®) = i, [par (O H = pun () Ha (V)
i [, [Kampz o (t) = H(n Npem)pmn(t)| dn

palt) = 05, [pua(H(N) = pra(t)Ha (1)

+if,. {H *(0: N)pe (M) pnu(t) — H(n, 1) pe(n) pan (t)} dn

Remark 4.1. This system is a Liouville-like equation which is comparable to the usual one, which does not
include the continuum of the Hamiltonian spectrum and which writes

T~
.mn = -7z H7 D
p [ H, 0],
from which is deduced Tr(pX) =, . PnmXmn in the classical theory.

The above equation contains, in principle, all the state transitions. However, from a practical point of view,
it is of moderate interest, due to its complexity. The following section is devoted to an analogue approach,
except that the integral over the continuum in (21), is approximated by SFA.

4.2. SFA-like nonlinear optics model: unique continuous state

The principle of the following model is to include perturbative and nonperturbative contribution, using
in particular on Lewenstein’s SFA model, which has the ability to accurately capture phenomena such as
ionization and high order harmonic generation. We search for a wavefunction v solution to

0 = (Ho+ V(x,)), ¥(x,0) = 60(x)

where Hj denotes the laser-free Hamiltonian and V' the electric potential, as the sum of bound and bound-free
state contributions:

¢(Xa t) =vYp (X7 t) + 1 (X, t)

and where the purely bound part is of the form

Up(x,t) =Y N (x,t)

leN
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with
Z ak Qbk 71wkt
keN

where we have denoted ¢j, the eigenvectors of the field-free Hamiltonian: Hy¢r = ex¢r and wy = heg. We
assume that

B (x,0) = (1= a(t)e!) o (x)e™ "

where «(t) is a time-dependent complex. The bound-continuous part is of the form of a SFA:

YrL(x,t) = eil”t(a(t)éf)o (x) + /dpr(p,t)eiP'X>

with I, the ionization potential and where ¢, (x,0) = ap¢o(x) and b(p,0) = 0. A natural choice for « is
then the depletion coefficient. According to [24], uncoupling the equation in « and the TDSE, « can be
modeled by the following equation

alt) = —(t)a(t), a(0) = g € (0,1)

where v is defined by (52) in [24] and is naturally maximal at the electric field peaks. In practice, and as
proposed in that paper v will be approximated by its average ¥ € C with positive real part, so that

a(t) ~ ape™ 7t
Now, we set
0:=7—ilp
so that
erta(t) ~ apge™?" (22)

The unknowns of the problem are (a;);>1 and b. Now by linearity, we have

i0p, L = (Ho + V(x, t))1/JB,L
Parameter « is chosen such that initially
¥(x,0) =p(x,0) + ¥L(x,0) = (1 — a)¢o(x) + aogo(x) = ¢o(x)
Naturally, we first have:
gJ) (x,t)~ (1- aoef‘”) Bo(x)e ot (23)

Coefficients (a;);>1 will be searched following the usual perturbative method as presented in [25]. Denoting
w; = hey, for all [

m zﬁz/ Vi (t (N 1)( the it gy’

leN

where
Vintt) = (0l B0 = [ x-BO)6;, 0%
and the transition frequencies are denoted wy,g = wm — w,. We deduce that for E(t) = EpeN E(w,)e wrt,
and using (22)
a(t)eilpt

1 1 )
~ — - E { — } i(wmg—wp)t
h%“mg (p) Wmg —Wp  Wmg — Wp + @6 €

then al?, ete, see [25] for details.
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Remark 4.2 (Important remark on the contribution of y(!) in SFA’s Lewenstein.). As it is well-
known, SFA’s Lewenstein model contributes to xV). Then, it is important to separate the contribution of
the susceptibility tensors from the bound states and from SFA’s Lewenstein function. In this goal, we will
sum (ap)n only over the bound states, omitting the contribution from ”bound-continuum” from the usual
perturbative approach, as this contribution is already present in SFA. We denote the corresponding indices
by B (sum over the bound states only).

For instance

a£7-2) (t) ~ %Z(p,q)el\@ ZmEIB (p'mg ’ E(wp)) (p’nm ’ E(wq))

{ 1 a(t)etlrt } (om0t
X _ i : el(Wng—wp—wq
(Wng — wp — We)(Wmg —wp)  (Wmg — wp +16)(wng — wp — Wy +76)

and similarly

a1(’3) (t) ~ %Z(p,q,r)el\ﬁ Z(mm)e[B? (p’vn ! E(wT)) (H’nm ’ E(wq)) (p’mg ! E(wp))

1

<
(Wyg — wWp — wg — wr) (Wng — Wp — Wg)(Wmg — Wp)

a(t)etlet ,
_ }ez(wng—wp—wq—wT)t
(Wyg — wWp — wg — Wy +10) (Wng — Wp — wq + 10) (Wimg — wp + 90)

In the above formula, if m > 1 (recall that in atomic unit the electronic charge is e = 1):

/"’mg = _/ngiébodgx

We deduce:
1 1 —iw
B0 = Yenam dm(x)em !
1 a(t)etlet il
= Lones Lyenlbmg - Blp)) [wmg —Wp  Wmg — Wp ié} Bm{)eT T
1
(2) _
t) = -E -E
B (X5 ) 2:(1n,n)€]]3§2 Z(p,q)ew (p’nm (wq)) (H’mq (wp)) |:(wmq — Wp)(wng — W, — wq)
ilpt
_ Of(t)e P : :|¢n (x)e—i(wo-‘rwp-‘rwq)t
(Wmg — wp + 10)(wng — wp — wq + 16)
g) (Xa t) = Z(m,n,u)elﬂ%3 2:(;04177‘)61\13 (p’un ’ E(wT)) (p’nm ’ E(wq)) (H’mg ’ E(wp))
[ 1
X
(Wing — wp)(Wng — wp — W) (Wyg — wp — wg — wr)
B Oé(t)eilpt b (X)e—i(wo-i—wp-i—wq-l—wr)t
(Wmg — Wp +10) (Wng — Wp — Wg + 1) (Wug — Wp — Wg — wy +36)|

Now regarding the continuum, we have

0ub(p. 1) = =i+ 1, )b(p, ) — E(t) - V(. 1) — ia()E(t)dly (p)
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where dg(p) = (¢o|x|p). We can then show (see [24], and method of characteristics) that

b(p,t) = —i/o dt’ a(t)E(t) - dg(p — A(t) — A(t)) exp ( - z/t dt" (p— A(t) — A(t”))2/2 + Ip)

From there, we can give an approximate expansion of the overall dipole moment defined as

using that
d(t) = (Yplalve) + (olBle) + WslBlUL) + (VolBlve)
= dpp(t) +drr(t) +dpL(t)
with
dps(t) =Y Ndiy(t) (24)
len

In order to simplify the presentation, we will assume that damping phenomena are not incorporated in the
model, which allows to deal with real transition frequencies. Extension to complex transitions is possible
following [25]. We then get

dls(t) =0 (25)
then
d0L ) = a1 + @ae) (26)

leading, from E*(wp) = —E(w,) to

1—a*(t)e "t a(t)er(1 - O‘*(t)e_”pt)) .

dg;a (t) = %Zmem ZpEN {“gm (“mg ’ E(W:D)) ( -

Wmg — Wp Wimg — Wp + 10
(27)
» 1—a(t)ert o (t)e et (1 — a(t)e'l»?) .
E _ iwpt
+(ng (wp)) ng( Wing — Wp Wmg — Wp — 70* ) ¢
This can be rewritten
1 1 _ Oé* (t)ef’ifpt a(t)eifpt(l _ a*(t)efilpt)
(1) _ = . _
dpplt) = hEmGB 2pen {“gm (Fomg E(wp))( Wing — Wp Wmg — Wp + 16 )
(28)
1 —a(t)etrt o (t)e‘”?t(l — a(t)e”?t) .
- E _ —iwpt
+(p’gm (wp))pfmg( Wimg + wp Wmg + Wp — 70* ) ¢ ’
Similarly
disp(t) = W AlS) + @i |y + @5 Als) (29)

From above, we deduce that

N 1
WA = 3 e X Hon(Ham - B@q) (Hyng - B(wp))
o (1) e—ilpt o () p—idpt ilpt
y 1—a*(t)e e B (1-« (t)e PHa(t)etr ittt
(Wng — wp = wq)(Wmg —wp)  (Wmg — wp + 10)(wng — wp — wq + i)
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and

N 1 x
<¢(B})|p’|wg)> EZ(;D,Q)GI\P z:(m,n)GIB2 (p’ng : E(WQ)) Hnm (ng ! E(WQ))

1 a(t)etlet 1 a*(t)e et L
X ( — ) ( _ )6 i(wp—wq)t
Wmg —Wp  Wmg — Wp + 10/ \wng —wg  Wng — wg — 10*
So that:
@) 2
dBB(t) = EX:(;),(J)EN2 z:(rn,n)elBi2 Re Hgn (p’nm ! E(Wq)) (p’mq ! E(wp))

1—ao* (t) _ (1 —af (t)e_”pt)a(t)eupt )e—i(wp-l-wq)t
)

- ((wng —wp —wg)(Wmg —wp)  (Wmg —wp +16)(wng — wp —wy + 0 (30)

1 *
+ﬁz(p7q)€N2 Z:(m,n)]}?;2 (qu : E(Wq)) p’nm (qu : E(wq))

Wng —Wqg  Wng — Wq — 0%

ilpt * —ilpt
X( 1 a(t)e'r )( 1 a*(t)e e )e—i(wp—wq)t

Wmg — Wp  Wmg — Wp + 10

or written similarly
1 )
2 * —1i
d(B)B (t) = ﬁZ(m,n)EIW z:(p,q)el\]2 {H’gn (1 -« (t)e Ipt) (p’nm : E(wq)) (H’mg : E(wp))

1 a(t)etlet
X — - -
(Wing — wp)(Wng —wp —wq)  (Wmg — wp +16)(wng — wp — wq + 16)

1 a*(t)e et 1 a(t)etlrt
+p‘nm (H’gn ! E(wq)) (H’mg : E(W;D)) <wng ¥ wq - Wng + Wy — Z(S*) < - )

Wmg —Wp  Wmg — Wp + @6

1ty (1 — a(t)el??) (K - E(wg)) (ugm ‘E(wp))

X —

1 a*(t)eHrt e—i(wptwq)t
(Wing + wp)(Wng +wp +wg)  (Wmg + wp — 10%)(Wng + wp + wg — 10%)

Similarly, one can deduce d(g?g, from
dSL ) = WWEE) + @1 + @S (a0 + @5 ES) (31)
where
<¢(O)|ﬁ|w(3)> = Z(m,n,v)€]1?>3 Z(p,q,r)€N3 p’gv (1 - (t)e_”pt)

X (Nun'E(WT)) (Nnm : E(Wq)) (ng : E(Wp))

1

“(
(Wing — wWp)(Wng — wWp — we) (Wyg — Wp — Wy — Wr)

a(t)etr!t )e—i(wq+wp+w7‘)t
(Wmg — wp + 10) (Wng — wp — wg + 16) (Wyg — wWp — Wqg — wr + 90)
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and

<¢(1) |ﬁ|w(2)> Z(m,n,v)E]B?’ Z(p.,q,r)EN?’ Homn (p’qu ’ E(WT)) (p’nm ’ E(wq)) (p’mq ’ E(wp))

< 1 a*(t)e et > < 1
>< —
Wyg +Wr  Wyg + wyp — 0% (Wimg — wp)(Wng — wp — wy)

ilpt
B aft)et'r )ei(prrqurwr)t

(Wimg — wp +10)(wng — wp — wq + 10)

and
<1/}(2) |ﬁ|1/}(1)> = Z(m,n,u)E]B%?’ Z(p,q,r)EN?’ Honm (p’z/g ’ E(wT)) (p’mn ’ E(wq)) (H’qm ’ E(wp))
< 1 a(t)etlrt > < 1
X - .
Wyg = Wr  Wyg — Wr + 16 ) \ (Wmg + wp)(Wng + wp + wy)
B a*(t)e Hrt )ei(prrqurwr)t
(Wimg + wp — 16*) (Wng + wp + wg — 10%)
and
<1/}(3) |ﬁ|1/}(0)> = Z(m,n,u)e[ﬂ%3 Z(p,q,r)ENa H/yg (1 - a(t)eilpt) (H‘nuE(wT)) (H‘mn ' E(wq)) (H’gm ' E(w;ﬂ))

1
X
{ (Wing + wp)(Wng + wp + wg) (Wyg + wp + wy + wr)

* —il,t
. « (t)e P }e—i(wq-i-wp-i—wr)t

(Wmg + wp — 10%) (Wng + wp + wg — 10%) (Wyg + wWp + W + wr — 16%)

Now from [24] and denoting d,(t) = (p|x|¢po), we have

t
drr(t) =i / / drd*vE(t — 1) - dg(v — A(t — 7)) pi (v — A(t))e S Em) =07 t=0(i=T) (32)
0
where

S(v,t,7) = /Tt ds[w —I—Ip}

Naturally (29) and (32) are trivially deduced from the usual theory. We have now to evaluate
dpr(t) = (¥slplYr) + (Yrlplvs)

In this goal, we will follow a strategy close the one developed by [24]. That is:

dpr(t) = Adf (1) (33)
leN
with
i, (1) = 2Re{ (W) (x DIl (1)) | (34)
where

Wg cOlAL ) = / x(a () S () et (alt) o () + / dpb(p, 1)e’P)

meB
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and
a ) = 2Re{ Z((an?(t))*e““m““tumga(t)+ / d3p(a§,§>(t))*b(p,t)e“wm“p)tdm(p))} (35)
meB R?

where for alll > 1

di(p) = (&|plp)

and

b(p,t) = —i /Ot Ecos(t) - d(p(t) + A(t) — A(7)) exp(— /Tt i(

with for [ > 1, d;(p) which is negligible. Indeed, as mentioned before in SFA model an implicit assumption
is that the matrix elements of the Hamiltonian between bound states (except for the ground state) and free
states are negligible. It is however possible to estimate these contributions within our model. Moreover, a
second model Subsection 4.3, will be developed to go beyond this assumption. Now for [ = 0

(p(t) + A(t) — A(s))®
2

+ Ip)ds) dr (36)

t
dg)L(t) =— /R3 d3v/0 dr(1 - aoe_‘s*t)E(T) ~dj (v — A(t))dg (v — A(T))eis(v’t’ﬂ (37)
In addition, for the [ > 1 we have
l * i(wm+1Ip
dg(0) = Y (@l () e dyyga(t) (38)
meB

We can now estimate the susceptibility tensors from bound-free state contribution. More specifically, for
[l =1, we have

1 1 ot e—ilpt
hiilt) = Z’”GBZPEN{l(“gm'E(wp))(wmgwp)‘wmg(f)wp—m*))“mg““)
1 a(t)ettet

+(Hmg - E(wp)) <( - )>ugma(t)

Wing —wp)  (Wmg —wp + 6

i 39)
1 a*(t)e ilpt (
s d3 -E — b(p,t)d,,
+ Jrs P (g, - E(wp)) <(wmg o) ot oy = W)> (P, t)dm(P)
1 a(t)etrt .
3 . _ * * —iwpt
" fRS P (ng E(wp)) <(wm.(] —wp)  (Wmg —wp + i5)>b (e, t)dm(p)‘| ‘ }
For the 2"¢ order dipole moment we have
1
d(z) t - 2 2 . E . E |:
51(t) = Xmmer Lp.aen { [(“m" ) (bgm - Bl | S G 5 o)
o (t)efilpt
- (Wmg + wp — 10%)(Wng + wp + wq — ’5*)] Hng (1)
1
+ Hnm - E(w Mg - E(w |:
( ( q))( g, ( p)) (Wimg — wp)(Wng — wp — wy)
alt)e” (1)
— . . nQ
(Wimg — wp + 16) (Wng — wp — wq + 16) _HO (40)

1

L (Wing + wp) (Wng + wp + wg)
] b(p, t)dn(p)
1

+ f]R3 d3p (p’mn ! E(wq)) (H’qm ! E(wp))
ot (t)e—ifpt

- (Wing + wp — 10*)(Wng + wp + wq — 25*)

+ f]RS dgp (p’nm ! E(wq)) (H’mg ! E(wp))
a(t)etlrt

— b* Hd* —i(wptwg)t
(Wing — wp +10)(Wng — wp — wq + 15)] (e.?) n(p)] ‘

| (Wing — wp)(Wng — wp — w})
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Finally for the 3"¢ order bound-free dipole moment we have

(o B(wr)) (B - E(wq)) (gm - E(wp))
1

(Wing + wp)(Wng + wp + wg) (Wug +wp +wg + wr)
o (t)efllpt .
" (Wing —|— w — 0% ) (Wng + wp + wg — 10%) (Wyg + wp + wg + Wy — 26*)) Hger(t)
+(H‘0n ) (H’nm ! E(wq)) (p’mg ! E(wp))
1
. ((ng — wp)(Wng —wp — wq)((;’ugl_t wp — wq — wr)
B (wmq wWp +10) (Wng — wp — wg +90) (Wpg — wp — wg — Wy + zé)) Hgu(t)
S @D (pg Bl (- Bo)) (g - B(3)) (41)

3
d(B}‘ (t) = Z(m,n,u)E]BS 2:(;0,%7‘)61\13 {

1
X
((ng + wp) (Wng + wp + wg) (Wyg + wp +wq + wr)
a* (t)e—zlpt
(Wing + wp — z&*)(w ng + Wp + wq — 15 Nwpg + wp + wq + wy — 70%)
+ fR'i d3 l"l’a"n, : w’l‘ ) : (ll’mq E(wp))

)b(p, t)d,(p)

. ((ng — wp)(Wng —wp — wq)(:’ugl_t wp — wq — wr)
- . alhe” )P 6.0 0)

(Wimg — wp 4+ 10) (Wng — wp — wq + 10) (Wpg — wp — Wq — Wy + 90)

1 e—i(wp-l-wq-i-wT)t

We then get
P(x',t) =Ppp(x',t) + Ppr(x',t) + Prp(xX/,t) (42)
with
Ppp(x',t) = Ndgg(t), Ppr(x',t) = Ndgr(t), Prr(x',t) = Ndpp(t)

where dpp(t), dpr(t) and dp.(t) are approximated from (24), (27), (44) then (32) and finally (34), (40),
(41). To conclude we take A = 1. In fine, P has computed in (42) is used in (1).

Remark 4.3. The contribution dpy, is estimated using [24], where transitions from “continuum-continuum”

and “continuum-excited states” are neglected. As a consequence, the contribution d( L, for 1 =1 may be, in
principle, neglected as by construction of SFA model, these transitions were neglected In the next section,
we will show how to improve the modeling, including contribution more “continuum-bound state” transitions.
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That is

N

PBB(XI7 t) EZmGB ZpeN {p’mg . (p’mg . E(wp)) (

Q

1 —a*(t)e ot B a(t)(l — a*(t)e‘”?t))

Wimg — Wp Wng — Wp + 10

(g - B g (—— at) _ar(Be™(1 - a(ﬂe”“)) et

Wmg + wp Wing + wp — 10*

2N
+ﬁ2(p,q)€N2 Z(m,n)GBz Re{p’gn (p’nm ’ E(wq)) (p’mq ’ E(wp))

( 1— a*(t)e ot (1 —a*(t))a(t)e'! ) (et }

J— - - é P q
(Wng — wWp — wWe)(Wimg —wp)  (Wmg — wWp +16)(Wng — wp — wg + i0)

N 1—a*(t) a(t)e”?t(l — a*(t)e‘”?t)

o L merixs {/ng (b1 Ely)) (wmg —wp Wing — Wp + 10 )

(g - Blwp)) - g ( 1—a(t) af()e (1 Oé(t)e”pt)) Lot

Wimg + Wp Wing + wp — 10*

Pror(x',t) = U\/'fot [ drd®pE(t —7) - dg (p —A(t - T))d;((p — A(t))e‘is(p’”)_‘s*t_‘;(t_”

Ppr(x',t) =~ —2NRe{i Jra d*v fg dr(1 = cpe ™ )E)(7) - di (v — A(t))dy (v — A(T))eis(v’t’T)}

Now a bit more detailed analysis is necessary to estimate the susceptibility tensors.

First, the linear susceptibility XSBJ)B, is given through PBlE); Q=2 XS)B pEj(wp) by

X(l) -2 Z{ i 7.m](l—oz*(t)_oz(t)(l—oz*(t)))_‘_ i (l—a(t) _a*(t)(l—a(t)))}

BB - 2 ;
’” Wmg — Wp  Wmg — Wp + 10 IMETIN Wig + Wp Wing + wWp — 16%

meB

Assuming that o = 0, the linear susceptibility is the same usual (from perturbation theory).
Next, using again [25]’s notations, and

2 2
Pééz ZZX(B)B ijk wp_'—wq?w‘I’wP)Ej(wq)Ek(wp)
jk  pq

the second-order susceptibility is given by

N L
2
X(B)B Uk(wp + wq, Wy, Wp) = ﬁlpl z:(mm)eIB2 M;nu}]zmufng

(1—a*(t)e) a(t)elrt (1 — ax(t)e )

((wmg —wp)(Wng —wp —wg)  (Wmg — wp +10)(Wng — wp — wg + 26))
1 a (t) —ilyt 1 Oé(t) il,t
+:uqn:unmlumq - - Ok - ;
Wng +Wg  Wng +wy — 10 Wmg —Wp  Wmg — Wp + 6
18 o g

1 — aft)et»? a*(t)e et (1 — at)etlet
x(( Lo L ) ))>

Wig + wp)(Wng + wp +wy)  (Wing + wp — 16%)(Wng + wp + wg — 0%
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where Py the intrindic permutation operator.

Finally the expression of the third-order susceptibility ng)g kjih CAN be deduced from above calculation
through:

3 3
P]g’];,k(wp +wg +wr) = Z Z XSB’)B.,kjih (wp +wq + Wry Wr, W, wp)Ej (wr) Ei(wq) Ep(wp)
hij pqr

by

N

3 ) .
X(B)B;kjih (wp + Wq + wr, Wr, Wy, wP) = ﬁfpl Z(m,n,u)&ﬂ% <:u§l/:ug/n:u:7,m,u?n9

(1 — o (t)efilpt)

<(
(Wimg — wp)(Wng — Wp — wg)(Wyg — Wp — Wg — Wr)

(1 —a*(t)eTet)a(t)e ! )
(Wmg — wp + 1) (wng — wp — wg + 16) (Wyg — wWp — Wg — Wy + 96)
1 a*(t)e et >

ik h
+,LLZ]1/IUJunIUJ21m:umg (qu + w, - Wg +w, — 10

X - -
<(ng —wp)(Wng —wp —wq)  (Wmg — wp +10)(Wng — wWp — wq + 10)

b 1 a(t)etlet
HgvlunFnmbimg Wyg +Wr  Wyg — Wy + 00

1 a(t)etlrt >

1 o (t)e Hrt
X
(Wing +wp)(Wng +wp +wg)  (Wimg + wp — 10%)(Wng + wp + wq — i0%)
g I My g
< (1 — a(t)e'lr?)
X
(Wing + wp)(Wng + wp + wg) (Wyg + wp + wg + wr)

- a*(t)e—upt(l _ a(t)eupt) )>

(Wing + wp — 10*) (Wng + wp + wg — 10%) (Wyg + wp + wg + Wy — 70%)

Now regarding the bound-free susceptibility tensors we have:

N . . 1 a* (t)e—ifpt
(1) _ o . K3 —_
Xpri(r) = = 22 [“Z?mﬂmg ( (Wing +wp)  (Wing + wp — i5*)) )

meB peN
o 1 a(t)etlrt
ittt - )0
e (Wmg —wp)  (Wmg — wp +96)
) ) 1 a* (t)e—ifpt
+ [ dPppl,,di, - — |b(p, t
/RS P Hy ) < (Wmg + Wp) (ng +wp — 26*)) (P.%)

+ [ oo (s a@wtowmﬂ

Wing —wp)  (Wmg — wp + 6
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then

: , 1 1 1 a*(t)e Hrt
@ _ ik . "
XBL,z]k(wTa quwp) ( 2)632 l#mn#gm#ny [(wmg T wp) (wng Tuwp+ wq) (wmg T w, — i6%) (wng T wp +wg — 26*)} a(t)
, , 1 1 a(t)etlrt
Mg M [ - . : ]a*(t)
gro (Wmg — wp) (Wng —wp —wq)  (Wmg — wp +16)(wng — wp — wq +16)

1

Wimg + Wp)(Wng + wp + wq)

+ / d*p pd, it di (D)
R3 ’ (

o (t)efilpt

B (Wmg + wp — 10%) (Wng + wp + wq — 10%)

+ [ s o)]

}b(p,t)
1

(Wmg — wp)(Wng — wp — wg)

Oé(t)eilpt :|b*( t)
(Wing — wp + 10)(Wng — wp — wq +6) P

and

1

Wmg + Wp) (Wng + wp + W) (Wyg + wp + wg + wr)

3 . . h k
X(B%,kjih(wlf?w“wq?wp) = Z [M%a’ﬂinnﬂgmﬂl/g((

(m,n,0)€B3 (p,q,r)EN®

o (t)etrt ) 0

o

(Wmg + wp — 10%) (Wng + wp + wg — 10%) (Wpg + wp + Wy + wyr — 0%)

1
Wmg — Wp)(Wng — wWp — we)(Wyg — wp — Wy — wy)
a(t)eifpt
, . — | a(t)
(Wmg — wp + 10) (wng — wp — wg + 16) (wWyg — wp — wWg — wy + 90)

S 1
+ d3 7 % h dk (
/Rs P tingHimnntgm s (P) (Wmg + wp) (Wnyg + wp + W) (Wrg + wp + wq + wy)

o
F 1 gy HmgH gy < 0

1 1 a*(t)e et ) (p.1)
(Wing + wp — 10%) (wng + wp + wg — 10%) (Wpg + wp + Wy + Wy — 16%) b

o 1
[ bt (50

Wig — Wp) (Wng — wp — wy) (Wyg — wWp — wg — wr)

a(t)eifpt .
. . — |b"(p, 1)
(Wmg — wp + 10) (Wng — wp — wg + 16) (wWyg — wWp — Wg — wr + 96)

and where w, = wy, + wy + wy.

Interpretation and simplification of these tensors, such as the third harmonic generation from X(3)(3w),
will be analyzed is a forthcoming paper.

4.8. SFA-like nonlinear optics model: possible extension to multiple continuous states

The use of the SFA modeling implies (implicitly) that some transitions are (by construction) neglected:
“continuum-continuum” and “continuum-excited states” transitions [24]. In the following section, we propose
to formally include more properly and accurately some of these transitions, which will allow us to model
more accurately dpr and drr. In this goal, we will search for v in the form:

1/)(X7 t) =B (Xv t) +L (Xa t)
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where the purely bound part is of the form
vB(x,1) = Y NP (x,1)
leN
with
= 3 0D () p (e
keN

where we have denoted ¢y the eigenvectors of the field-free Hamiltonian: Hy¢r = e€r¢r. The bound-
continuous part is of the form of SFA:
Z A (l)

leN

where for [ > 0

D) =B (o) + [ a*pb0(p. )

and with a;(t) a time-dependent parameter and II(DZ)

l energy

is defined as a relative ionization potential, from Level

IZ()Z) =1, — (W —wo) = —wy (43)
In addition, we impose:
e foralll>0,b"(p,0)=0,
e for I =0, ap(0) € (0,1) and for I > 1, (0) < 1.

d(t)

(Welplys) + (Wrlplvr) + (Yslplvr) + (Vrlplve)
= dpp(t)+dpr(t) +drr(t)
with

dpp(t) =) A (t) (44)

leN

which takes the same value as above (28), (30), (31). Then

dpr(t)= > MHAG)w),  de)= > Nl

(k,1)EN2 (k,l)ENZ
where
kl k)|~ l k
dg/ = > (Wi ll) + @ apg)) (45)
(k,l)ENZ
and
kl k)|~ l k
= > (@PmE) + @l ap) (46)
(k,l)eN?

As dpr, rr is computed according to mathematical assumptions from [24], the following terms are neglected:
@) ~ 0 and <¢<;>|,;|¢g>> ~ 0 for k # I. Then for all I:

dBL Z )\2ld(ll) =9 Z )\2lRe ) |ﬁ|wg)>
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where

* ilw O]
a0 = 2me 3 ((af0) et gante) +

* ilw 1)
[ o) 10,0} )
meB ’

where d;(p) = (p|ft|¢1). Regarding the continuum-continuum contribution

dpp(t) = Y M) ) =23 N Re(w)|alv))
l 1

According to (32), we get

t
() =i / / drd®pE(t — 1) - di(p — A(t — 7))d}, ((p — A(t))e Pt =0t =8(t=7)
0
We get a full description of macroscopic polarization.

Php(x,t) =~ %[z(pym)eNXB {ng oy - Blwy)) (1 —of(t) a)(l-of (t))}

Wing — Wp Wng — Wp + 10

+ (g - Ewy)) - ng( L-a(t)  af(t)(1- al(t))) }ei%t

Wmg T+ Wp  Wing + wp — 10*

2N
5 ayere Lmmyens Re{ on (tnm - E@q)) (mg - Ewy)
S Y B (o)1 SR
(Wng — wp — We)(Wimg —wp))  (Wmg — wp +96)(Wng — wp — wq + 16)

% IR,
+EZ(ZD7M)€N><IB {p,mg . (ng . E(wp)) ( 1 l (t) _ l(f)(l 1 (t)))

Wng — Wp Wmg — Wp + 10

+(“gm ‘ E(w;n)) : “mg( L ould) - Oéf(t)(l - al(t))) }e*i“’pt

Wmg T+ Wp  Wing + wp — 10*

PL,(x,t) =~ iNY, fg [drd®pE(t —7)-di(p — A(t —7))d},((p — A(t))e St =0rt=ai(t=7)

l * i(Wm (1)
PL, (x,t) ~ 2J\/ZleNRe{ ZWEB<(Q§,T>@)) et L o (t)

+ fps @®p(ali) (1) 0O (p, )i en 10, (p)) }

Remark 4.4. One can also consider wavefunction of the type

YrL(r,t) = am(t)dm(r) + o (t)dn(r) +/ d*pb™™ (p, t)e' (48)

R3

By plugging this expression into the Schriodinger equation and taking the inner product with |¢m (7)), |dn(r))
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and |p) respectively, we get:

iGnlt) = B (t) + Qn(OVB(E) -

+ [ @ (p.1) (6 lolp) - B0 (19)
iG(t) = Buan(t) + an(OB) - o

+ [ @D (0.1)(6elp) - B0 (50)
ibp.t) = (an(OE®)- d"(p) + a:(t)d" (p)

=B, B0, (1) 1)

assuming am,(t) and a,(t) are constant in time, can be solved using the method of characteristics as shown
above. Doing so implicitly means that the rate of change of am(t) and a,(t) are much less than that of
p(mn) (p,t). One acquires a coupled ODE with time dependent coefficients.

Alternatively, we can propose a close approach, which may be cheaper numerically, as follows: we search
for v, in the form of a discrete sum (which is then an approximation of the integral over the continuum,).
Let us denote by W, the corresponding indices and including as well, the ground state. That is

Yr(x,1) = ¢g(£)dg () + D cn(t)dm(x)

meW

Plugging in the system in the TDSE gives:
Z.ég(t) = EgCyg (t) + ZmEW E(t) - (¢m (X)|X|¢g>cm (t)

iém(t) = Emcm(t) +E(t) - <¢m(x)|x|¢g(x)>cg(t)

neglecting again the continuum-continuum transitions. Then p is combined with Vg are proposed in the
above sections.

5. Conclusion

This paper was devoted to the derivation of two non-classical nonlinear optics models. In both cases,
contribution of bound-bound, bound-continuous and to a certain extent continuous-continuous state tran-
sitions are evaluated in order to determine the macroscopic polarization in Maxwell’s equations. Although
the first model, fully non-pertrubative, is an important improvement of the Maxwell-Schrédinger model in
term of computational complexity, it however still contains microscopic components: TDSE computations
have to be performed to determined initial polarizations. In addition, from a practical point of view in this
configuration, it is valid only for very short pulses. The second model, although fully macroscopic is however
semi-empirical and partially perturbative.

In order to validate and to analyze these models, we plan, in a close future, to test them on realistic situations.
In particular simple filamentation simulations will be performed. The inclusion of nonlinearities coming from
bound states as well as free electrons, is essential in order to describe accurately filament dynamics [1], [2].
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Appendix A. (Gaussian beam). We consider the extension to Gaussian beams of the method developed
above. Using [25]’s notations (see also [33]), we denote by wp the beam waist, A its wavelength, and A its
maximal amplitude, see Fig. 8 and [22] for details about this Gaussian pulse. We assume that

E(x,t) = A(x)e!h='~Ve,,

where x’ = (1, 2) and

! ! A T/2
Al ) = 1+i§eXp(_m)

with € = 22//b and b = kw3. The beam power is given by
P = /—|A|2 = —7’Lwo|A|2

Assuming that the dipole moment d(x},t) at x| := (], 21) for any r| is known, from the solution to

@00 1000 1200 1400 1600 1Bo0
aa

Figure 8: Gaussian beam intensity at different propagation times, in vacuum, in the (=, z)-plan, I = 102¥W.cm~2
. 1
0 = A0+ Ve +x - Bt

we construct d(x4,t) with x/, := (1], z4) as follows. For |Az'|/b = |z} — 2{|/b small enough, we next rewrite
A(ry, 24) as a function of A(r], z1)

A(Tl ’ 22)

A ( 3 7”12 ) 224
1+ 252
which can be rewritten, denoting A& = 2Az2'/b

/2

A(ry, 25) = # (_ _ - )

1+i& —I—ZA{ wi (1 + i€y + iAE)
and
1+ e 1 1
/ / _ rN_ 0 s —
Art) = A e e (- %Q+m+M£1+m»
1+i& 7‘112 1+ &
N S S ke
Alr, 1) 1106 +ine P ( wi(1+ iél)) P (1 +i&1 + AL 1)

Using |A¢| < 1, we then have

1+1i& B 1AL AE?
Ti6 +ide TG G aEr

and as a consequence

’or ~ / iAg A§2 T/12 iAL AgQ
A0t~ An (- 15 ) (4 e s aae)
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This gives a useful relation between A(r], z1) and A(r], z5). Denoting, now

1AL ir2 AL B AE? 22 AE?

146 (14i6)2w2 (14i6)2 " (1+i6)3wd

5(517 Tlla AZ’) =

we obtain
A(ry, 2h) =~ A(ri,zi)(l +e(&, 7y, Az’))

In general |A(r], 25)| % |A(r], z1)|, so that d(x),t) % d(x’l,t - Az’/vg). However, we can define Ap]
from

[A(r1, z) & [A(ry + Apy, 21)) (52)

/

—), where ;:71 = (ry + Apl, 21). In order to determine Ap}, we expand

so that d(x),t) ~ d(;{,t -
)

2r1Ap + Ap’f)

! / ! _ / ! _
A(ry +Apy,21) = A(ﬁazl)exp( w21+ i)

~ A (1 2r1 Apy + Apf? (27“’1Ap’1+Ap’12)2)
~ 1,~1 -

We set
! Ap’ +Apl2 (27‘/ Ap’ +Ap’2)2
8(&1, Ap)) 1= —— 5 —— e 12
wi (14 i&1) 2w (1 + i)
so that

A(ry + Aph, 21) = A(r, 20) (14 661,71, Aph))
We now determine Ap) such that (52) holds, that is Ap) is such that
(61,1, Aph) = (61,71, AZ')
As a first approximation
A~ ALT(r, 2 00,b)

where we have set, recalling that & = 22 /b

2 2
w T
0 1
1-

NG b) = +— —‘
(1 21,0, b) = £ A1 = oo

In Fig. 9, we represent the dipole moment propagating from ;{ to x5. We then deduce that

!/

P(x;,t)zP(Z,t—i—j)

A corresponding quasilinear model is, for (17, 2") € R% x (27, 00)
P, 2" t) + V(E,wo,b) - VP(r', 2, t) =0
with initial data P(;g, 0) assumed to be known and where V = (I‘(r’, z',wo, b), vg).

We conclude this section by a remark on a more accurate approximation for P(x5,t).
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Figure 9: Dipole moment evolution

Remark 5.1. In order to include electromagnetic field variation between X} and ;;, it is possible to use an
approach similar as the one proposed in Model 2 of Section 2.1. For the same reason as above, we get for
t € (ta,ty).

o7 Az . —~ Az
P(x4,t) =~ P(x’l,t - v—q) 4 ATQ((AE( )(ta))2c(””) (X/pt _ v_q)
Az

) I QAE(I)(ta)Ag(y)(ta)Q(my) (;’; ty — AUZ/))

g

+(A£(z)(ta))2Q(y) (;(71, ty —

Vg
where

AE(ta) = (AED(t,), AEW(t,)) := By (ta) — E (t A2 Ju,)

and QYY) gre defined in (6). Again, for 2’ > 2|, we can model the evolution by

O P(x',t) + v, 0,P(x/,t) + T'(r', 2, wo, b) 0 P(r', 2/, 1) = fg(Q(x', §') - AE(X,s"), AE(X,s"))ds
2, Q™) (x',t) —|—vg(9zQ(m)(x’,t) + T, 2w, b) 0 QW) (1, 2/ t) = 0
8tQ(y)(X',t) —|—vgazQ(y)(x/,t) —|—F(T’,z’,wo,b)ar/Q(y)(r',z’,t) = 0
QY (X! 1) +v,0,QEY (X', 1) + T(r', 2, w0, b)0 QEV (', 2/ 1) = 0

with initial data P(x7,0).
An alternative approach can be derived from simple expansions as follows.

Remark 5.2. Starting again from A(r' + Ap',z}) but without using the Gaussian shape of the pulse, we
first get A(r' + Ap', 24) = A(r', 21) + Ap' 0, A(r’, 21). Similarly in A(r', 25) ~ A(r', 21) + AZ'0,, A(r', 21). We
deduce in first approzimation that for a given Az', |Ap'| =~ ’Az’@z/A(r', 21)/ 0 A(r, zi)‘

Appendix B. (Generalized Liouville equation). For any n € N:

Z<at'€/1|¢n> = <(HO + V(xvt))¢|¢n>

and for any \ € o,

{0]de (-, N)) = ((Ho + V(x,1))1|¢c(-, A))
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First, we get
D001, = 3 1609 (/@Hn%&mwww

and

(Ho+ V()9 t) = Y (en + V(x,1))ea(t)dn(x) + / (n+ V(x,1)) e(t, m)be(x, 1) pe(1)dn

n Tec

AS (Galbm) = um,
00310 = i (6) 4 [ {6.-I610) et e )
and C
SO16) =1 D{onloon) + /C<¢c(-ﬂ7)|¢c(uu)>3t0(t,n)pc(n)dn
Similarly

(o + VD) blom) = 32 @+ V5,0)dnlom) + [ et + Vi 0)6 Nl )i

and
((Ho + V(x,))$le(- 1)) = Y en(t)((n + V(x,1)) bnlde(-, 1) + /a (n+V(x,0))e(t,n)(@e(- e (-, 1)) pe(m)dn
We set n
Hpnm = {(en +V(x,1)nldm) = endnm + (V(X,1)$n |dm)
Hy(N) = {(en +V(x,8)) dnlde (- N) = (V(%,8)Pnlde (-, A))
Ka(A) = ((A+ V(1)) e( Nlon) = (V(x,8)de(-, A)|dn)
Hp) o= (A V1))l e (5 1) = (V6 ) Mlpe( 1)
DA ) = (Ge(- A)|e(- 1))
Dn(p) = (fnloe(-, 1)
So that
iCm(t) +1 [, Dy.(m)pe(n)dec(t, n)dn = 2O Hum + [, c(t,n)Kn(n)pc(n)dn
{ i3, en(t)Dn(p) +13 [, D, )pe(mec(t,mydn = 32, ca(t)Hn(p) + [, H(n, @)pe(n)e(t, n)dn

As the operator Hy + V(x,t) is self-adjoint, we deduce that: D(A, u) = 0 if A # p and D, (A) = 0 then

i3 en(ODalp) +1 [ Dlns)pcn)re(t.n)dn = dic(t, )

n

This gives us a new set of equations:
{ im (1) = > cnl(t)Hpm + fgc c(t, ) Kn(n)pe(n)dn

et p) = 3, ca(O)Hn(p) + [, H(n, p)pe(n)e(t, n)dn
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As V(x,t) = x - E(t)

Hupm = E(t) - (X¢n|dm)
Hun(A) = E(t) - (x¢n[de(- N))
Kn(A) = (E(t) - (x¢c(- A)[dn)
H(A, 1) E(t) - (x¢c (-, A)le (-, 1))
DA p) = (el A)[de(- 1))

We are interested in d(t) = (x) = [ |¢|?xd®z. In this goal, we set

dinn(t) = (Gm[X[Dn), pmn(t) = i (O)en(t), pma(t) = e (Ot A); pam (t) = ¢ (; Nem, pru(t) = (8 A)elt, 1)

In order to compute d or equivalently Tr(pX), we derive a system of differential equiations. First, as

Pran(t) = ép, (t)en(t) + Cfn (t)én (t)

then
cmwaxw——4§;¢@wxwﬂmn—gl;i@dumKﬁmmAmmy
and
=1 enl) SO+ [ cult)e 6 n) IS5 ()
so that

Pmn(t) = ZZ Hnw pon(t) = pmo (£) Hyn + Z/ (Pnnn (t) K (m)pe(n) — Pmn(t)Kn(n)pC(n)) dn

Tc
Similarly, we have to evaluate J¢py ,(t). From

Panlt) = Buc” (6 Nelt, 1) + ¢ (¢, Nre(t, )

We then get
paul®) = 0%, [P H() = pan(t) Ha()]
i [ [H 01N P ) () = H, 1) pem) paa () i
Similarly
Pua() = & (et ) + €5, (HD1c(t, A)
so that

pur®) = P50, [pur(OHs = prn () Ha (V)]

i [, (K )pz(m)oaa () = Hp, N)pem) (1)
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That is, we get the following system, for all m, n, A, u:

prn(®) = 05, Honspon(®) = pun () Hom + 3 [, (py(O K ()02 (1) = prn () ()p(n) ) iy
pur®) = 5, [Pur(OHs = prun(HA(N)|

i f,, [ mpr e (t) = H, Npe(n)pmn (t)] dn
palt) = 05, [puaH(N) = pra(t)Ha (1)

i f,, [H* 0. X0 (0o (8) = H i) (1) i
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