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Attempts to define weak solutions to nonconservative hyperbolic systems have lead to the development
of several approaches, most notably the path-based theory of Dal Maso, LeFloch, and Murat (DLM) and
the vanishing viscosity solutions described by Bianchini and Bressan. While these theories enable us
to define weak solutions to nonconservative hyperbolic systems, difficulties arise when numerically
approximating these systems. Specifically, in the neighborhood of a discontinuity, the numerical solutions
tend to not converge to the theoretically specified weak solution of the system. This convergence error
is easily seen in the numerical approximation of Riemann problems, in which the error appears and
propagates at the formation of discontinuity waves. In this paper we investigate several methods to
numerically approximate nonconservative hyperbolic systems, we discuss why these convergence errors
arise, and by using recent results established by Alouges and Merlet we give an approximate description
of what weak solutions these numerical solutions converge to. We then propose several strategies for
the design of numerical schemes which reduce these convergence errors.
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1. Introduction

The aim of this paper is to investigate the numerical approxima-
tion of nonconservative hyperbolic systems (NCHSs). In particular,
we are interested in the construction of convergent numerical
schemes for approximating such systems. Nonconservative hyper-
bolic systems arise in several areas of applied mathematics, in
particular in the study of compressible multi-phase/fluid flows and
have various industrial applications, such as two-phase flows in
nuclear power plant reactors, solid rocket motors, chemical plants,
detonations, shallow water bi-fluid flows, shallow water flows over
irregular topography, and others [13,27,19,24,21]. These systems
have proven to be difficult to analyse and have been much less stud-
ied than hyperbolic systems of conservation laws (see for instance
[12]). Nevertheless, their wide range of applications has motivated
large efforts to better understand these systems and their numeri-
cal approximations.

In this paper, we will be interested in the one dimensional NCHS,

a—u+A(u)%=0, ue QcR", (x,t)eRxRT, (1.1)
ot ox
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where 2 is open convex set and A is a smooth function A : R" —
Mn(R). We assume that this system is strictly hyperbolic, that is, A
has nreal and distinct eigenvalues A1 (u)<Ay(u)<---<Ap(u),Vue Q2
with linearly independent eigenvectors. Recall that when A is the
Jacobian matrix of some vector-valued function f: R" — R”, i.e.
A(u)=Df(u), then this system reduces to a hyperbolic system of
conservation laws. For simplicity we will also assume that each
characteristic field is genuinely nonlinear or linearly degenerate.
For a genuinely nonlinear k-field, we also assume the normaliza-
tion,

Vi(u)-rp(u)=1, VYue . (1.2)

The intrinsic difficulty in studying NCHSs is how to the define
shock wave solutions, namely the question of when

u, x<ot,
U(X, t):
uR, X > ot.

is a weak solution of the nonconservative system. It is well-know
that for systems of conservation laws u;, ug, and o must satisfy the
Rankine-Hugoniot jump condition:

o(ug —up) = flug) — f(uy).

However, in the nonconservative case when such a function f(u)
does not exist, we have no such condition. Furthermore, because
of the nonconservative product A(u)uy, and the fact that products
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of distributions are not well-defined [25], we cannot a priori rigor-
ously define the notion of weak solutions for system (1.1). Although
this constitutes an old problem, two main distinct ways of overcom-
ing this issue! in the framework of NCHSs have been proposed. The
first is due to Dal Maso, LeFloch and Murat (DLM) [11,17] in which
the authors define the nonconservative product not as a distribu-
tion, but as a bounded Borel measure which depends on a family of
paths, ¢ : [0, 1] x R" x R" — R™. This family of paths satisfies the
following properties,

¢(0;ur, ug) =uy, o(1;ur, uR) = ug,

for all u;, ug in R", and the nonconservative product, denoted by
[A(u)uy]y, is defined as

[A(u)uy]4(B) = / A(u)uy dx,
B

when u is continuous on a Borel set B, and by

1
[A(w)uy]((x0, t0)) = / A(¢(s; ur, uR))g—f(S: ug, ug)ds,
0

when u has a jump discontinuity and u; and ug are the left and
right limits of the discontinuity, respectively. This definition of the
nonconservative product allows us to rigorously define which dis-
continuity waves are weak solutions of the system, and together
with an entropy condition we are able to establish the local exist-
ence and uniqueness of entropy weak solutions of (1.1). It is
important to note that this definition of a nonconservative product
only applies to functions which are piecewise differentiable with
finite jump discontinuities, and not for general distributions. How-
ever, a priori these functions are sufficient to solve the Riemann
problem for sufficiently small jumps |[ug —ug||.

The implementation of DLM theory in a numerical scheme for
approximating NCHSs has been investigated by several authors.
Originally Toumi proposed a path-based approach [28,29] to build
a Roe solver for NCHSs. Later other authors, in particular Parés
and Castro [6,5,20], and Rhebergen et al. [23,22] have investi-
gated other numerical methods (Godunov, WENO, Discontinuous
Galerkin, etc.) for these systems which are based on DLM path-
theory. The fundamental issue with the numerical schemes based
on the DLM framework is that in the presence of discontinuities
the numerical solution may not converge to the specified entropic
weak solution. A consequence of this is that the numerical solutions
of NCHSs appear to have a convergence error once discontinuities
form. This convergence error was first demonstrated by Hou and
LeFloch in [16] for conservative equations written in nonconserva-
tive form, and later shown to be a general issue for NCHSs by several
other authors [7,18]. A particular example of this convergence error
was given by Abgrall and Karni in [2].

Another approach for defining weak solutions to NCHSs was
developed in the recent works of Bianchini and Bressan [4], and
Alouges and Merlet [3] who partially generalized results of Bian-
chini and Bressan. In these technical works, the authors investigate
the solutions of the following viscous system,

uf + A(u®)ug = e(Buf ud),, (1.3)

where B(u) is positive-definite viscosity matrix. This system is
a parabolic regularization of the original system (1.1). In this
approach, entropy weak solutions of system (1.1) are defined to be
the vanishing viscosity solutions of the viscous system, i.e. entropy
weak solutions to (1.1) are constructed as the limit of the solutions

1A third one is based on Colombeau’s generalized functions [10], but is not dis-
cussed here.

to this viscous system as € — 0. Note that, unlike in conservative
case, the weak solutions will depend on the choice of the viscos-
ity matrix, B(u). In the particular case when B(u) =1, Bianchini and
Bressan showed that these vanishing viscosity solutions are unique
and, in particular, they describe the shock curves and viscous shock
profiles associated to this specific viscosity matrix. These results
were then generalized by Alouges and Merlet in [3] to the case
where the viscosity matrix B(u) commutes with A(u). The authors
also propose a definition of shock curves of nonconservative sys-
tems as solution of the following dynamical system

du
(A(u)—ol)% =u-—u, (1.4)

u(ri(ug)) =u;.

They prove that the shock curves given by this system agree
to at least O(Jo — A, (u)|3) with the exact shock curves of the van-
ishing viscosity solutions of (1.3) when B(u) commutes with A(u).
This result gives us a simple way to approximate the exact entropy
weak solution of the Riemann problem, associated to this class of
viscosity matrices.

The obvious drawback of these formulations is that the def-
inition of entropy weak solutions depend on some additional
information, i.e. the choice of path, ¢, or the choice of viscosity
matrix, B(u). Because of this, it is difficult to know which weak solu-
tions will be the correct, ‘physically relevant’ solutions. As LeFloch
remarks in [17], an appropriate choice of path in the DLM the-
ory would be a parametrization the viscous profiles, associated to
an appropriate physical viscosity matrix. However, the question
of how to determine the viscous profiles is made difficult since it
involves finding bounded solutions of an ODE on an infinite domain
(for a more complete discussion see [26]). One possible approach
to this issue is to use another useful result regarding the shock
curves defined by system (1.4). In their work, Alouges and Merlet
proved that when the viscosity matrix B(u) commutes with A(u),
these shock curves will agree with the viscous shock profiles up to
the third order in the size of discontinuity. However, in general we
are not guaranteed that the physical viscosity will commute with
the matrix A(u), and therefore we do not know if these shock curves
are a good approximation of the viscous profiles.

The important observation is that, although we are not guaran-
teed that the physically relevant viscosity will commute with A(u),
for many numerical schemes the numerical viscosity does indeed
commute with A(u). We can therefore use the results of Alouges
and Merlet to give an approximate description of what weak solu-
tions these schemes converge to. Furthermore, this tells us that
for many numerical schemes the choice of path ¢ will have only a
minor affect on the numerical solution for sufficiently small jumps
between cells. Indeed, when using the DLM path-theory in a dis-
continuous Galerkin scheme, Rhebergen et al. [23] reported that the
choice of path did not significantly altered their numerical results.
While these results do not aid us in determining what solutions
are physically relevant to the particular problem, it is an impor-
tant theoretical step in understanding the nature of the numerical
approximations of these nonconservative systems.

The remainder of this paper is organized as follows. In Section
2, we briefly recall several key aspects of the theory developed by
Dal Maso, LeFloch and Murat, and we present the approximate
shock curves of Alouges and Merlet. We then present a prop-
erty of the Alouges-Merlet curves which we call reversibility. We
then describe how the well-known Lax-Wendroff theorem fails for
nonconservative systems, and how the convergence errors of the
nonconservative schemes arise. The discussion motivates us to con-
sider several schemes which implement the Alouges-Merlet shock
curves directly, or use some approximation. By using the results
of Alouges and Merlet, we propose several strategies for designing
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schemes whose numerical solutions agree closely with the approx-
imate vanishing viscosity solutions of system (1.3). We then apply
some of these numerical schemes to a particular nonconservative
system in Section 5.

2. Shock curves in non-conservative hyperbolic systems

In this section we recall some important features of noncon-
servative hyperbolic systems. As mentioned in the introduction,
the main difficulties that we must address from the continuous
point of view are how to define weak solutions to these systems,
and how to properly define the shock curves in order to solve Rie-
mann problems. Additional difficulties will appear in the numerical
framework.

We begin this section by briefly recalling some important
aspects of the path-dependent theory of nonconservative systems
proposed by Dal Maso, LeFloch, and Murat (DLM). We will then
present the definition of shock curves for nonconservative systems
proposed by Alouges and Merlet. In particular, we will establish a
local parametrization for these curves for weak shocks. We will also
investigate a property of these shock curves known as reversibil-
ity, and establish that the Alouges—Merlet shock curves are indeed
reversible. This property will be key later when we investigate the
equivalent equations of several numerical schemes, see also [9].

We will then show how the ideas proposed in Alouges and Mer-
let’s approach can be applied in the framework of Dal Maso, LeFloch,
and Murat’s path-theory. Specifically, we will derive a similar local
parametrization of the DLM shock curves for weak shocks, and
show that, in general, the DLM shock curves are not reversible for
an arbitrary choice of path.

2.1. Dal Maso-LeFloch-Murat path theory

As a product of distributions A(u)uy, it is not clear how this term
should be defined, and thus we are unable to specify what disconti-
nuity waves can be weak solutions. The idea proposed by Dal Maso,
LeFloch,and Murat[11]was toregard this term not as a distribution,
but as a bounded Borel measure. Let us briefly recall the princi-
ple: we first introduce a family of paths, ¢ : [0, 1] x R" x R" — R",
satisfying the following properties:

1. VllL, UuR € Rn.
d(1;ur, ug) = ug.

¢(0;up,ug) =u,

2. 3k>0, such that Yu;, ug € R", Vs € [0, 1],

< klup —ug|.

0
’;)(S;ULUR)
N
3. 3k>0, such that Vu;, ug, v, Vg € R", Vs € [0, 1],

< k(jup — ug| + |vp — Vg|).

’%‘f(S:uL, ug) — %(S:VL»VR)

Then we define the nonconservative product, A(u)uy, as a bounded
Borel measure denoted by [A(u)uy]y, with the property that when
u is smooth on a Borel set B, this measure is defined by

[A(u)uy]y(B) = /A(ll)llx dx,

B

and if u is discontinuous at the point xq then,

1
_ 0 _
[Aw)uy]g(ix0}) = / A(@(s; u(xy), u(xgma—f(s: u(xy), u(x}))ds.
0
Using this definition for the nonconservative product it is pos-
sible to show [17] that we can generalize the Rankine-Hugoniot
jump condition to:

1
U(“R*“L)z/ A(¢(SZUL,“R))%*f(siuL,UR)d& (2.1)
0

In this paper, we will refer to this generalized jump condition
as the DLM jump condition. Finally, once we have this jump con-
dition for some chosen path, we can define the k-shock curves for
the genuinely nonlinear k-fields and proceed to solve the Riemann
problem as in the conservative case. It is clear, however, that dif-
ferent choices of the path ¢ will lead to different solutions of the
Riemann problem, and the question of which choice of path will
yield physical, entropy solutions is far from trivial. To see this, let
us consider the vanishing viscosity entropy condition by introduc-
ing an admissible viscosity matrix B(u) (smooth and positive) to
system (1.1):

uf + A(ué)ug = g(B(u®)uf),.

We can then look at the viscous profiles ué(x, t)=v((x — ot)/¢e).
The resulting ODE is

(A(v) — o)W = (B(v)V').

Next, let us suppose the formal vanishing viscosity limit of this
viscous profile is a shock wave, i.e.

) u, Xx<ot,
limué(x, t) =

e~0 ug, X > ot.

Then the viscous profile will have the form
u, x<ot-eg,

X—ot+¢

u’(x, t) = vB( o > ot—e<x<ot+e,

ug, X>ot+e,

where vg is a smooth function with the properties vg(0)=u; and
vp(1) =ug. Considering u® as a measure we see that

1
lim[A(u®)uy] = (/ A(VB(S))% dS) Sx-ots
£—0 Jo 0s

with the convergence in the sense of measures. Thus, in order to
obtain the vanishing viscosity solution relative to the viscosity B(u),
we must choose our path, ¢ to be precisely the viscous profile vp.2
It is this fact that introduces difficulty when designing a numeri-
cal scheme using DLM path-theory. Although we may choose some
path ¢ to define our shock curves, and therefore our ‘exact’ solu-
tion to the Riemann problem, the numerical scheme which we
use will contain some numerical viscosity and the numerical solu-
tion will converge to the vanishing viscosity limit relative to this
numerical viscosity. The fundamental problem is that the path ¢ is
usually not chosen to be a parametrization of the viscous profiles
for this numerical viscosity. In fact, it would be very difficult to do
so. It is this inconsistency between the choice of ¢ and the chosen

2 Notice that, as in the conservative case, the viscous profiles will, in general,
depend on the viscosity matrix, B. However, in the conservative case the shock
curves are defined using only the Rankine-Hugoniot jump condition and thus do
not depend on the choice of B.
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‘exact’ solution and the solution which the numerical scheme con-
verges to, which produces the convergence error which has been
observed by numerous authors [1,7,16,18]. However, as we will
explain below, the shock curves defined by Alouges and Merlet
have the property that they agree with the viscous profiles of a
nonconservative system for a general class of viscosity matrices,
up to the third order near a given left state. Therefore, these shock
curves give us a way to approximate not only the shock curves of a
nonconservative system for a more general viscosity, but also the
viscous profiles.

2.2. Alouges-Merlet approximate shock curves

The motivation for the definition of approximate shock curves
proposed by Alouges and Merlet stems from the fact that they accu-
rately approximate the shock curves for NCHSs which are found
by a vanishing viscosity process. These vanishing viscosity solu-
tions were extensively studied by Bianchini and Bressan in [4]. In
their paper, the authors define solutions to general nonconservative
systems by considering a regularization of the system (1.1),

uf + A(u®)ug = g(B(u®)ug),. (2.2)

More specifically, they consider the case where the viscosity
matrix B(u) is the identity matrix, I(u). Using a regularization tech-
nique, the authors define solutions to (1.1) as the unique limits of
solutions to this viscous system as &€ — 0. The details are beyond
the scope of this paper, but we will state their main results. For
a very general A(u) (no genuine nonlinearity assumptions, etc.),
the authors solve the Riemann problem for u; and ug sufficiently
close and recover the classical succession of self-similar k-waves
and characterize them.

The obvious shortcoming of this study is that vanishing viscosity
solutions of this system for a more general viscosity matrix are
not established by this theory. However, in the paper by Alouges
and Merlet [3] these results are extended to the case where the
admissible viscosity matrix B(u) is assumed to commute with A(u).
The authors establish the same results as Bianchini and Bressan in
this more general setting.

Alouges and Merlet also propose a new definition for shock
curves in the nonconservative case. Suppose for the moment that
the hyperbolic system we are considering is conservative, and con-
sider an admissible k-shock wave with left state u;, and right state
ug, propagating with speed o. If we consider ug as a function of o,
the Rankine-Hugoniot jump condition writes

f(ug(0)) — f(u;) = o(ug(o) —up),

with ug(A,(up))=u;. Differentiating this with respect to o yields

(ACug) ~ o) T~y —wy, o)

ug(Ag(uy)) =ug.

Alouges and Merlet use this system to define approximate shock
curves for nonconservative systems.

Definition 2.1 (Alouges-Merlet Shock curves [3]). We call a non-
constant solution of (2.3) an Alouges-Merlet shock curve of the
nonconservative system (1.1).

An obviously trivial solution to this differential equation is
ug(o)=u;. Notice that this differential equation is not classical
since there is a degeneracy at the initial point ug(A,(u;))=uy, for
each k. To overcome this, the authors prove [3] the following result.

Proposition 2.1. Suppose that the k-th field is genuinely nonlin-
ear with normalization (1.2). Then Eq. (2.3) has a unique, non-trivial

solution in the neighborhood of A (u; ). Moreover, the non-trivial solu-
tion satisfies

ug(0) = ug +2(0 — Ag(u))re(ug) + 0(|o — A(uy)?).

The degeneracy of (2.3) is thus overcome by adding the initial
condition

dllR

do M(uL)) = 2r (), (2.4)

to the differential equation. In fact, we can extend the above result
to include the second order terms which gives a more precise
description of these shock waves.

Proposition 2.2. For a genuinely nonlinear k-field, the unique and
non-trivial solution to (2.3) satisfies:

UR(0) = g +2(0 — Ag(u)r(ug) + 2(0 — Ay(ur)Y’Dry(ug) - r(ug )

+0(lo — A(a)P).

Proof. We can prove this proposition by simply performing a
Taylor expansion of ug(o) around A,(u;) and using the differen-
tial equation to find the higher order term. Let us expand ug(o)
as

0(0) = W+ 200~ Ay () + 3R )(E — dyw))

+0(lo — A(u)P),

where R(up)=(d?ug/do?)(u;) is to be determined. Using this
expression, we can expand the solution of the system (2.3) around
o =XA,(ur) and after calculation we obtain:

A[DA(uy) - ri(uy) — I (ug) + [A(uy) — Ag(u)]R(uy) = 0. (2.5)
In order to determine R(u; ), let us consider the identity

[A(ug(0)) — A (ug(o))]r(ug(o)) = 0,

and differentiate with respect to o to obtain:

[DAun(o) G ~ (Vintun(o): G2 ) 1] run(o)

dllR —0.

+ [A(ug(0)) — Ak(ur(o))IDri(ur(o))- o =

Evaluating thisat o = A (u; ), and using the initial conditions (2.3)
and (2.4), we obtain:
2[DA(uy) - ri(ug) — ITre(ur) + 2[A(ug ) — A (u ) ]Dry(ug) - ri(ug) = 0.

Comparing this expression with (2.5), we find that

2
Reuy) = S8R ) = 4Dy () ().

which completes the proof. O

Remark 2.1. For a genuinely nonlinear k-field with normalization
(1.2), we can also express the local expansion as:

1
ug = ug + eri(uy) + igzDrk(uL) -Ti(uy) + 0(e3), (2.6)
1
0 =A(u)+ 56+ 0(&?), (2.7)

where & =A,(ug) — Ar(uy). Notice that (2.6) is the same local expan-
sion as for the k-rarefaction curves. This expansion will be useful
in the sections below.
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It is clear that in the conservative case, when A(u) is a Jacobian
matrix, this shock curve definition will recover the correct curves.
Alouges and Merlet prove that these approximate shock curves
agree with the ones found by the vanishing viscosity process of
Bianchini and Bressan (and defined in [3]) up to the third order
near a given left state. Thus (2.3) gives us a simple way to approxi-
mate the shock curves as described by Bianchini and Bressan, i.e. the
exact vanishing viscosity solutions of the Riemann problem in the
nonconservative case relative to the viscosity matrix, B(u), which
commutes with A(u). Moreover, since (2.3) is independent of B(u),
the approximate solutions are also B-independent.

Another point of interest is that these approximate shock curves
coincide with the viscous shock profiles to the third order near a
given left state. To see this, let us consider the viscous system (2.2)
and let us examine the k-shock profiles, which have the form u®(x,
t)=U((x —ot)/e;0)=U(&; o). Then these shock profiles will solve
the following system,

(A(U) — ol)Ug = (B(U)Ug )¢,
U(-o0;0)=u;, Vo,
UG Ar(up)) = ug.

The k-shock curve, Si(u;), is defined by these profiles by
ug(o)=U(+00;0). Integrating this system along the profiles gives

o(ug(o) —uL) = /A(U)Ug dé,
R

and differentiating with respect to o and integrating by parts we
obtain

(Aug(0)) ~ D) DR _ ug() —y + / AU)Uo — A(U),Us d.
R

So that we recover system (2.3) up to the term
RU, o) = /A(U)SU(, — A(U), Ug d&.
R

Now we note that if A is indeed a Jacobian matrix then R(U, o)
vanishes. Also, if the shock curves and the shock profiles coincide
then R(U, o) will again vanish. As noted earlier, approximate shock
curves defined by (2.3) do indeed recover the correct shock curves
up to the third order so R(U, 6)=0(|o — Ai(uy)|?). This tells us that
these approximate shock curves are in fact also close to viscous
shock profiles. As stated above, this results is interesting since it
gives us a way to approximate the viscous shock profiles which is
a piece of information useful in DLM path-theory.

2.3. Reversibility of Alouges—Merlet shock curves

In this section we introduce a new property of shock curves
which we call reversibility. While it is not immediately obvious
why this property is important, we will see in the sections below
that this is a useful property when investigating the convergence of
numerical schemes. Before we present this definition let us recall
what it means for a state to be “connected” to another by a shock
wave.

Definition 2.2. We say that a state ug can be connected to a state
u; on the left by a k-shock wave if ug lies on the k-shock curve of
u;, denoted Sj(u;), for some speed o. Similarly, we say that a state
u; can be connected to a state ug on the right by a k-shock wave if
u; lies on the k-shock curve? of ug, Si(uR), for some speed o.

3 Recall that to connect a state on the right, we consider the non-entropy part of
the k-shock curve.

Si(ug)

Fig. 1. Depiction of reversible shock curves.

Fig. 2. In general, the DLM shock curves will not be reversible.

Now let us present the definition of reversible shock curves.

Definition 2.3. A k-shock curve for a nonconservative hyperbolic
system is said to be reversible if for any right state ug which can be
connected to a left state u; on the left by a k-shock wave traveling
with speed o, then u; can be connected to the state ug on the right
by a k-shock wave traveling with speed o.

Recall that in the conservative case when a state ug lies on
a k-shock curve of a state uy, i.e. ug € S(uy), then from the
Rankine-Hugoniot jump condition we know immediately that u;
will lie on the k-shock curve of the state ug and hence shock
curves in the conservative case are clearly reversible. In their paper,
Alouges and Merlet point out that it is unclear whether this prop-
erty will hold in the nonconservative case using their shock curves.
Here, we will show this is indeed true (Figs. 1 and 2).

Theorem2.1. Assume the kth characteristic field is genuinely nonlin-
ear, and let S (uy) be the Alouges—Merlet k-shock curve of the state u;,
forthesystem (1.1), defined by (2.3). Suppose thatug € S(u;) N W (uy),
where V(uy) is a neighborhood of uy, that is a state ug in a neigh-
borhood of u; can be connected to u; on the left by a k-shock wave
traveling with speed o. Furthermore, suppose ti (o) € Si(ug) N W ug)
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is a state which can be connected to ug on the right by a k-shock
wave, again traveling with speed o. Then u;(o)=u;, Vo, ie. the
Alouges—Merlet approximate shock curves are reversible.

In order to prove this theorem we will need to make use of the
following lemma.

Lemma 2.1. Letu; and 1@, be defined as in Theorem 2.1. Then @, =
u; + O(|o — Ag(up)|2). In particular dia; /do (A (uy)) = 0.

Proof. Thislemma is easily proved using a Taylor expansion of ug

and ©;. By Proposition 2.2, we have the following expansions,
ug =y +2(0 — A(up))r(ug) + O(lo — Ag(up)?), (2.8)
i, = ug +2(0 — A(up)Irg(ug) + O(lo — Ar(ug)l?). (2.9)

Using (2.8) with the normalization (1.2) we can expand
o — Ak(ug) as,

=0 — M(ug + 2(0 — Ap(u))r(ag) + O(jo — Ag(up)[?)),
2(0 — Ag(u) + 0(|o — Ag(ug)?)),
—(0 = A(up) + O(lo — Ag(ug)?).

o — Ar(ug)

=0 —A(uy) -

Thus, using this and (2.8) in (2.9), we can write @, as,

a; =up+2(0 — Ag(ug))ry(ug)
—2(0 — A(up))rg(ug + 0o — Ag(up)))) + O(lo — A(ug)?),

=uy + 0(|o — Ag(up)?),
which completes the proof. O

Before presenting a formal proof of the theorem, let us give a
brief outline. Since 1, is defined by the composition of two curves,
which are defined using the differential Eq. (2.3), we will first find
the differential equation which governs ;. We then show that
1, (o) = uy is the only possible solution to this differential equation.
In order to accomplish this, we will note the governing equation for
i is of a similar form as the Alouges-Merlet shock system (2.3). We
can then use Lemma 2.1 to conclude that @1; (o) has the initial con-
dition dii; /do (X (uy)) = 0. But this initial condition will guarantee
us that @iy (o) is trivial, hence @i, (0) = u;.

Proof (Proof of Theorem). We first wish to derive the governing
differential equation for ;. Let us consider a genuinely nonlinear
k-th field and consider the approximate k-shock curve of a fixed
left state. Let us denote this curve by u;(&€). Then u(§) satisfies

S S o (2.10)

ug(Ag(uy)) =ug.

Let us select a point on this curve, say u; (o), for some . We wish
to determine the state ii; (o) which will lie on the k-shock curve of
uq(0), that we denote by u,(7; o). Then uy(7; o) satisfies

(A(uz) - rl)% =uy —uy(0),

uy(A(u(0)); o) =

Let us integrate (2.10) from A (u;) to o to obtain

(2.11)
U](O’).

/ () -t ag= [ (o) -was
Ag(up) A(ug)
7 duq o duy
Alwy)— dé = —= +wi(§) —up dé,
/)\k(“L - d& A(ug) d§ : "
A(u1) L dE = o(w(0) —uy).
‘/)Lk(uL dg

Similarly, we integrate (2.11) from A (uq(o)) to o to obtain

o(uy(0;0) — uy(0)).

/ A(uz(r;a))ai(r o)dt =
5 dt

k(u1(0))

The point we are interested in is G, (o) =
two equations, we obtain

e dll] o 8112 ~
Aluq) E dé + A(uz)a— dt =o(d,(o) —uyp).
Ae(uy) A(uy(0)) T

uy(o; o). Adding these

Note that this entire expression depends on the parameter o.
Let us differentiate this equation with respect to o, to obtain

A(ul(o))‘%(o)w(uz(o:a))%(a:o)

%uk(ul(a)): o) (wk(ulto) ~ %(a))

— A(uz(Ak(uq(0)); 0))

g ~
n 4w 2)78“2 dr = i,(0) — uy + 0 2% (o).
N do do
k(uq(0))

Using the initial condition uy(A,(uy(0)); 0)=uq(o) and the fact

that @ (o) = uy(0o; 0), this reads:
Auy(o ))‘Z‘g( )+ Al (o ))aa“jw:a)—A(u](a))%
“ d 3112
((u1(0)); 0) (VA (0))- 2L (0) / [A(u )}
K ( K ds ) oy 4o |0t
dr=10;(0)—uy + 0%(0). (2.12)

Let us first examine the integral term in this expression. Expand-
ing and integrating by parts we obtain,

/ dd [A(uz)auz] dr
(o)) 99
A(uy)

. o auz 82112
- A Sy +Auz) dtdo dr

k(u1(0))

= A(uy(o; 0))®(0$ o) — A(uz(Ak(uq(0)); 0))

do "
8“2

9
S (u(w(0)):0)+ / A(uzxfa—
o )‘k(“ﬂﬂ)) T

A(uy (o ))

— A(uy), 88“2 dr

:A(ﬁL(O'))%(O'; o)- ()»k(lh(a)) o)+ R(uy, o).

Aluy), By _

Here we used the notation R(uy, o) o=

_ o
- fkk(lh(rf))
A(uz)f ‘)“2 dt. Inserting this expression into (2.12), we obtain,

Aliiy (o)) (aa“j (0:0)+ aa(a:a)) T Ay (o)
[dd‘;< ) - a“z(xk(ul( o); )~(W(m(o))-%(a))
allz

e - (A(ug(0)); 0)] +R(uz, o) =1 (o) - uL+0%(U)-

Finally, note that (d/do )i, = (duy/0t)(0; 0)+ (duy/do)(o; o)
and notice that the term within the square braces it simply the
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derivative of the initial condition for u, (7). Thus, this term vanishes
and we obtain,

(Ally) - 1) &, + R(z. 0) = 1(0) ~ uy.

Notice that this system is similar to the shock curve system pro-
posed by Alouges and Merlet, the difference being the additional
term R(uy, o). Since clearly R(uy, o) is O(|o — A(uy)]), this system
suffers from the same degeneracy as the original systems studied
by Alouges and Merlet. From Lemma 2.1 we see that the degeneracy
must be overcome by adding the condition (dii; /do )(Ar(ur)) = 0.
However, from the existence and uniqueness results established
by Alouges and Merlet for these systems, we see that the only
solution which satisfies these initial conditions for this system is
the trivial solution, i.e. @i, = u;, Vo. Therefore, the Alouges—Merlet
approximate shock curves are indeed reversible. O

(2.13)

2.4. An application to DLM path theory

Alouges and Merlet define their approximate shock curves
by differentiating the Rankine-Hugoniot jump condition in the
conservative case. Alternatively, we could consider the DLM
Rankine-Hugoniot jump condition (2.1) for some chosen path
¢(s;ug, ug), and consider the right state, ug as a function of the
shock speed o,

1
o(uR(O)—uL)=/ A(P(s; ug, up(0)))gs(s; ug, ug(o))ds.
0

Then, assuming ¢(s;uy, ug(o)) is sufficiently smooth in o, we
can differentiate with respect to o to obtain,

1
U% +ug—u = / A(@)pso + DA(P) (o, ¢s)ds.
0

Here we have use the notation ¢ = ¢(s ; ug, ug(o)) and DA(u)(v, w) =
(Z?zl(BA(u)/au,»)vi) -w. Integrating the first term in the integrand
by parts we obtain

dUR

1
o8 g — g = [A(@)a| + /O DA($)(¢o ps)

—DA()(¢s, ¢o) ds,

and using the fact that ¢(0;u;, ug(o))=u; and ¢(1;uy,
ug(o))=ug(o) we obtain
dUR

1
o‘@ +ugr—up = A(llR)% +/ DA(¢)(¢07 ¢5)

do o

—DA(¢)(¢s, ¢o) ds.

If we denote,

1
R(¢;ur, ug(o)) = / DA(¢)(Dugp, ¢s) — DA($)(¢s, DugP) ds,
0

(2.14)
then we obtain the following differential system which describes
the DLM shock curves:

~ dllR
(A(uR)—GI)E =ug—uy, (2.15)
up(Ag(ur)) =uy.
Here A(ug)=A(ug) - R(¢;ur, ug(0)). Notice that R(¢;uy,
ug(0))=0(|o — Ag(uy)]), and hence A(u;)=A(u), and in a suf-

ficiently small neighborhood of u;, A(ug) will have n distinct real
eigenvalues. Let us denote the eigenvalues and eigenvectors of

A(u) by A1(u), ..., An(u) and F(u), ..., F;(u), respectively. Note
that A;(u;) = A;(uy) and #(u;) = r;(uy) for all i. Again this system
therefore suffers from the same degeneracy as the original systems
studied by Alouges and Merlet. Fortunately, the arguments made
in [3] to prove Proposition 2.1, and the arguments in the proof
of Proposition 2.2, can be repeated for this system and we can
establish the following result.

Proposition 2.3.  Suppose that the k-th field is gen-
uinely nonlinear. Then Eq. (2.15) has a unique, non-trivial
solution in the neighborhood of A (ur). Moreover, the non-trivial
solution satisfies

2(0 — Ag(up))

(o) =u + —
R = T g () - re(un)

l'k(uL)

L _Ao- Me(up))?

Vi) 1)) Diy(uy)  ry(uy) + O(jo — Ag(u)P).
kYL ) - T Ydp

(2.16)

The proof of this proposition is analogous to the proof of
Proposition 2.2, where A(u) is replaced by A(u) and we then use the
fact that A(u; ) = A(u; ). Note, however, that since Xk(u) is not neces-
sarily equal to A(u), we are not guaranteed that VA, (uy)-r(uy) =
1. Hence, these terms appear in the local expansions of the DLM
shock curves.

Let us proceed to investigate whether the DLM shock curves
are reversible for a general path ¢(s). We can easily see that the
arguments made in proving Theorem 2.1 can be repeated almost
entirely upon replacing A(u) by A(u). However, the problem comes
when we try to invoke Lemma 2.1, for this lemma will not hold for
a general path. Indeed, if we repeat the arguments in the proof of
Lemma 2.1 using the decomposition in Proposition 2.3 we will find
that:

o Mlr) =0y (uL ¢ 2T MdW)) ey 4 oogo - muL)F)) ,
Vi(ur)-ri(ur)
2
—o—A . — Oo(jo — A 2)),
o — Ai(ur) Vik(ul)mk(ul)(a «(ur)) + 0(jo — Ag(ur)®))

_ <1 2

VAr(uy) - ri(uy)

and therefore when we find the expansion of 1, as in the proof of
Theorem 2.1 we obtain

) (0= A(ur)) + 0o — A(ur)?)),

ﬁ)_:l.l]_

B —
Vi(ay)-ri(ug) Vir(ay)-ri(uy)

(0 = Ar(up))ri(ug) + O(lo — Ar(ug)?).

Hence, we see that, in general, dii; /do(A,(u;)) # 0 and therefore
1;(0) # u; for all o. Thus the DLM shock curves are not reversible
for a general path ¢(s). In fact, we can state a useful corollary.

Corollary 2.1. Ifthe DLM shock curves are reversible then they have
the local expansion

1
up =uy + er(ug) + isle‘k(uL) -Ti(uy) + 0(e?),

1
o = A(up) + SE+ 0(e?),

where & = L (ug) — Ap(uy).
This can be equivalently stated as

Corollary 2.2. The DLM shock curves are reversible if and only if
R(¢;ur, ur(0))=0(|o — Ai(ur)|?), where R(¢) ; uy, ug(o)) is defined by
(2.14).
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Therefore, when shock curves are reversible they have the same
second order local expansion as the rarefaction curves near a given
left state, u;. This is a general property of shock curves in conserva-
tive systems. Hence, reversibility gives us a simple way of specifying
this property of shock curves in nonconservative systems. More-
over, from Corollaries 2.1 and 2.2, this property is easily verified by
either directly looking at the local expansion of the shock curves, or
by examining the remainder term R(¢ ; u;, ug(o)). While reversibil-
ity is primarily a theoretical tool, it is not unreasonable for use to
desire such a property in nonconservative shock curves. Notice that
if the shock curves are indeed reversible then we know that if a
discontinuity wave with left state u; and right state ug is a weak
solution of the nonconservative system, then so is the discontinu-
ity wave with left state ug and right state u; (albeit one of these
discontinuity waves will not be entropic). Furthermore, as we will
see below in our numerical tests, shock curves which are reversible
- and therefore have the local expansion (2.6) and (2.7) - show a
good level of agreement with the weak solutions defined using the
Alouges—Merlet shock curves.

3. Numerical approximation

In this section, we will focus on using the approximate shock
curves as defined by Alouges and Merlet within the DLM frame-
work in order to define and analyse several numerical schemes. In
particular, we will use a Lax-Friedrichs-like scheme, based on the
DLM framework, as our prototype example in our calculations, but
we will also consider a Godunov scheme [15], again based in the
DLM framework, in our numerical simulations. In [8], Castro et al.
show that a Lax-Friedrichs-type scheme using the DLM definitions
can be written as:

1
Uttt = ( i+ UL - 2Ax( i1/2 TGl o) (3.1)
where for allj € Z,

n ! n aw n n d
Gj+l/2 = A(I//(S U U+1)) (S U Uj+1)

Similarly, Castro Parés et al. [6] show that a Godunov-type
scheme can be written:

At

+1 _ n,— n,+
an _an AX(G]-H/Z G 1/2)
where
G~ lA Un ur 81// U ur d
12 T A (Vs ) s (s; 12085
el / AW(s:U ) 1”(s un,)ds
Jj+1/2 — J+l/2’ +1 J+l/2’ j+1 ’

and U“H/2 is the value at x =0 of the solution to the Riemann Prob-
lem

UT', x <0,
U(x,0)= .

UJ+1’ x> 0.

In both these schemes, the function (s ; u;, ug) is a family of
paths connecting u; to ug, which we are free to choose. However, as
detailed by Castro et al., a good choice should be to choose /(s ; up,
uR) as the union of the k-simple curves which solve the Riemann
problem with left state u; and right state ug, and re-parametrized so
that ¥(0; ug, ug)=u; and ¥(1; u;, ug) =ug. The k-simple curves are
comprised of the k-rarefaction curves, the k-contact discontinuity
curves, and the path ¢, which was used to defined the DLM jump
condition and the shock curves. This choice of path was already

proposed in [20]. We call such a path a ‘Godunov path’ for brevity
and give a formal definition:

Definition 3.1 (Godunov Path). Suppose we have selected a family
of shock curves for a nonconservative system, defined by (2.1), with
some chosen family of paths ¢. Consider the Riemann problem with
left state u; and right state ug and suppose the unique entropy
solution of this Riemann problem exists and consists of the n+1
constant states u; =ug, uq, ..., U,_1, Uy =ug where ug is connected
tou; by a 1-simple wave, u; is connected to u, by a 2-simple wave,
and so on. The Godunov path, V(s ; ur, ug), of this Riemann problem,
with respect to the chosen shock curves, is a parametrization (at
least C2) of the rarefaction curves, contact discontinuity curves, and
the path ¢, linking u; to ug, such that

Y(0;ur, ug) = ug, Y(1;ug, ug) = ug.

Remark 3.1. From the existence and uniqueness theorems
regarding shock, rarefaction, and contact discontinuity curves we
know that for a fixed u; there will exist a neighborhood N of u;
which for all ug € A, the Godunov path ¥ (s ; u, ug) will exist and
be at least piecewise C2.

Remark 3.2. From the definition of the Alouges-Merlet shock
curves, we see that they can be view as DLM shock curves where
the path ¢ is the Alouges-Merlet shock curve itself. Therefore, the
Godunov path in this case is simply the union of the k-simple curves
(including the k-shock curves) which link u; and ug.

Although the computation of the path v is clearly very compu-
tationally complex, at this point our goal is not to propose a fast
numerical scheme for approximating NCHSs, but rather to propose
several numerical schemes which do not suffer from such severe
convergence errors. We will, however, suggest some ways in which
using approximate Riemann solvers (i.e. an approximations of the
path ¥) may help to create faster schemes in Section 4.

3.1. Towards a Lax-Wendroff-type theorem

We are interested in this paper in the question of what weak
solutions the numerical approximations of nonconservative sys-
tems converge to that end, let us briefly discuss how the well-know
Lax-Wendroff theorem fails for nonconservative systems and let us
outline how knowledge of the Alouges-Merlet approximate shock
curves may help us construct schemes which converge closely to
the their approximate vanishing viscosity solutions. In what fol-
lows, we do not focus on making a fully rigorous argument and
presenting a Lax-Wendroff-type theorem. Rather, we aim to moti-
vate how the Alouges—Merlet shock curves may help to reduce the
appearance of convergence errors in numerical schemes.

To begin, assume that A is a smooth matrix-valued function, and
let ¢ be the Godunov path, defined using the DLM jump condition
relative to a chosen family of paths ¢. For Ax>0, let Up, be the
numerical solution obtained from the Lax-Friedrichs-type scheme

un g At g

n+1
Uj *( o TUL) = 5 1x (G 12 TG )

and let Ua4(x, 0) be the initial data. Furthermore, assume that

IUpllomxr,) < C

and that there exists a function U e (L°(R x R.) NBV(R x Ry))"
such that Upy, — Uin L}OC(R x Ry ) as Ax — 0. Our question is: what
is U? More importantly, if we cannot determine U exactly, how can
we approximate it?

Let us denote by v a test function of C1(R x R, ). Denoting V" =

V(x, t) for some (x, t) € (Xj_1/2, Xj+1/2) X [tn, tp+1), we multiply (3.1) by
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v]f‘ sum over j and n to obtain:

+oo +00

At
1
DD U U+ 3Gy + Gl o)~ (1/2)

j=—ocon=0

nyyn n n n _
_Uj )VJ +(1/2)(U] _Uj,])vj =

(U,

Using summation by parts on each of the terms, and multiplying
by Ax, we obtain:

Foo d pitl vf‘ 1 i vl =l
i j+ J
DY | 2 2 Gt G | A

j=—0con=0 k=—00
+00
0,,0 _
AtAx + Zuj WAX =0 (3.2)
Jj=—o00

The only difference between (3.2) and the usual expres-
sion in the proof of the Lax-Wendroff theorem is this term
(1/2)ZJ=_OOGZ+1/2+GE71 ,- For a conservative scheme, when
GQH/Z reduces to f(Uj’Ll)—f(U]ﬂ), this sum would telescope to
1/2(f( 1+1) f(U]U)), which approaches the flux function f(u) as

Ax — 0. In this nonconservative case, we want that,

3 ch+l/2+ok 1/2 —’/ [A(U)Ux]g - 1dx, (3.3)
k=—o0

when Ax— 0 in such a way that x; — x, and convergence is in the
sense of measures. From the definition of the measure [A(U)Ux]y
we must consider two cases: regions where U is C! and regions
where U is discontinuous. To begin, suppose at U is differentiable
at x. Then, from the definition of the Godunov path v it is easy to
verify that

n ! < aw n
G = | AW U}, Ul ) (51 U U, ) ds — AUYUs,

as Ax — 0. On the other hand, suppose U is discontinuous at x with
left state U; and right state Ug. In this case, for every Ax>0 there
is some segment of Uj” which is ‘close’ to the viscous profile of this

shock wave, relative to the numerical viscosity of the scheme (plus
higher order viscous terms). Let us define indices [ and j (which
depend on Ax) such that x;, x; — x, and U} and U]F are the left and

right ‘ends’ of this viscous profile, i.e. U} — Uy, and Uj" — Ug as
Ax— 0. In this case, the condition (3.3) reads,

i1
1l

jzczﬂ/z +Gi a2
=1

1
- / A U, U 2 50, U s
0 S

or, inserting the definition of G" /2

j-1
Z/ AW(s; U, UL ) ‘”(s g, U, ) ds

Uy)ds

1
0
+/ A(W(S;UL],U,';))—BW(S;U,'ZJ,
o s

e 3, .
- [ Al¢(s; UL, UR))af(S‘ Up, Ug)ds. (3.4)
0 s

Hence, if (3.4) holds then the sum of the integrals of the Godunov
paths in G} 1/ converge to the proper nonconservative product

and we would expect that the numerical scheme would converge

to the chosen weak solution. This is clearly not true for a gen-
eral choice of path, however. This is because the viscous profile
through which we sum Gk 172 will depend on the numerical vis-
cosity of the scheme, and furthermore ¢ itself may be very different
from this viscous profile. Note, however, that if we choose the
Alouges—Merlet shock curves as our path ¢, and use a numerical
scheme whose numerical viscosity commutes with A(u), then the
viscous profile itself will be close to the path in the nonconservative
product, and we would expect the convergence of the numerical
scheme to be much better. In the section below, we will investigate
when/how we may approximate the limit of the sum in (3.4).

3.2. Godunov path with reversible shock curves

In this section we will show that through a modification to the
definition of the Godunov path V¥ using reversible shock curves,
we are able to approximate the limit of the sum in (3.4). As
defined above, the Godunov path is found by solving the Riemann
problem and linking the intermediate states using the rarefaction
curves, contact discontinuity curves, and the path ¢. Let us instead
construct a modified Godunov path by linking the intermediate
states using the shock curves, rather than the path itself. We can
then establish the following property about integrating through
reversible shock curves.

Proposition 3.1. Suppose we have chosen a set of reversible shock
curves. Let ug be a state on the k-shock curve, Si(uy), of the left state
u;. Let uq be a another state on this shock curve between u; and ug.
Furthermore, let { be the modified Godunov path defined using these
reversible shock curves. Then

1
/A(l/f(S:uL,u]))%—f(szuuuﬂds
0

(s;ug,uR)ds

1
v [ s
0 S

1
= / A(Y(s;ug, uR))%—f(S: ug, ug)ds + O(Jjug — u|?). (3.5)
0

Proof. Since the shock curves chosen to define the Godunov path
are reversible, from Proposition 2.2 the k-shock curve linking u;,
u; and ug will have the local expansion (2.6). Thus, since ¥ is a
reparametrization of this shock curve, we will have the following
expansions:

Y(siug, wy) =up + gysry(ug) + ! 5¢ 252Dry(uy) -1y (wy) + 0(e3), (3.6)

&3), (3.7)

1
Y(s;ug, ug) = ug + &5r(ug) + 58552Dl‘k(u1 )-T(ug) + O(

1
Y(s;uy, ug) = ug + est(ug) + EszszDrk(uL) T(uy) +0(e3), (3.8)

where e1=Ag(ur) — Ag(uyg), &2 =Ap(ug) — A(uq), and
e=A(ug) — Ar(uy)=¢€1 +&,. Evaluating (3.6) at s=1, we obtain
the expressions,

%S%Drk(uL) ri(ug) + 0(3). (3.9)

Using this in (3.7), we obtain

u; =up +erp(ug) +

Y(s;ug, ug) = up + (&1 + &28)ry(uy)
+ 1(asz + 281855 + £25%)Dr(u )
2\¢1 1€28 + 2 k L)'rk(uL

+0(e3)+ 0(&3), (3.10)
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Finally, inserting (3.6) and (3.10) into the left hand side of (3.5)
we obtain after a long calculation

(&1 + &2)A(up)ry(ug) + %(8% + 26162 + €3)(A(ur)Dry(up) -1y (uy)

+DA(up )(ry (uy), T (up))) + O(3) + O(£3),

and inserting (3.8) into the right hand side of (3.5) we obtain
1
eA(up)ry(ur) + ESZ(A(UL)Drk(uL) T(ug)

+ DA(ug )(ry (up), ri(uy))) + 0(e?).
Recalling that ¢ = &1 + &, proves the result. O

Remark 3.3. There is a connection here between Proposition
3.1 and the work done by Castro et al. in [7]. In this paper, the
authors calculate the equivalent equation for the Lax-Friedrichs-
like scheme in order to study its higher order viscous terms. The
equivalent equation is calculated by assuming that the solution is
smooth at a certain point and performing a Taylor expansion of the
numerical scheme. In this calculation, the authors show that the
equivalent equation of scheme (3.1) is
Ax? At

U — 2l + 2XL(u) + 0(AX2) + O(AL2),

U+ AWy = 57 2 2

where

1
Iz(u):/ DA(u)(Dy, ¥ - ux, Dy, Vs - uy)ds
0

1
+ / DA(u)(Dug ¥ - ux, Dup s - uy) ds.
0

Interestingly, if we likewise assume that the solution is smooth
and perform a Taylor series expansion of (3.5) around u=u; we
obtain after a lengthy calculation,

AX2L(u) = O(AX3).

Therefore, in the context of the equivalent equation of the
numerical scheme, Proposition 3.1 tells us that when the numerical
solution lies along a shock curve, I;(u)=0(Ax).

Let us return to the sum in (3.4),
j-1 J 1 oy
> Chap=Y [ awtsiop o Gl as

k=1 k=1

If we assume that the numerical scheme we are using adds
a numerical viscosity B(u) which commutes with A(u) then the
viscous profile through which this sum will be close to the
Alouges—-Merlet shock curves to O(||ug — u;||?) and O( Ax2) (due to
higher order viscous terms). Furthermore, Proposition 3.1 tells us
that along a reversible shock curve this sum will telescope to the
third order in the strength of the shock. Hence we obtain, at least
formally (as uniform convergence of the solution in the sense of
graph may be needed)
]_1 n ! . n n aw . n n
chﬂ/z = /0 AQW(s: U, UP) 5 =(5: U, U ds
k=l
+O(IU! = UJ'IP?) + O(Ax?),

1
- / A(W(S:ULsUR))%%(SUL’UR)d5+O(HUR*UL||3)
Jo

as Ax— 0. We can therefore expect that the limit of the left hand
side of (3.4) will be close to the proper nonconservative product,

to the third order. Since, this not a rigorous argument we state this
formally as a conjecture and defer a formal proof to a future work.

Conjecture 3.1. Assume that we have chosen some set of reversible
shock curves, and suppose we are approximating a nonconservative
system with a Parés-like scheme based on the DLM path-theory. Sup-
pose the numerical path v in this scheme is a modified Godunov path,
as described above, defined using the reversible shock curves. Further-
more, suppose the numerical viscosity of the scheme, B(u), is of the
form,

u; + A(u)uy = e(B(u)uy)y,

such that [A(u), B(u)]=0. Then if the numerical solution UJF is con-

verging to a function U e (L°(R x R, ) NBV(R x R.))™, then U is a
weak solution of the nonconservative system and it will agree with the
Alouges—Merlet viscous solutions near a discontinuity, to third order
in the strength of the discontinuity.

4. Scheme acceleration

In this section we will briefly discuss possible techniques for
reducing the computational complexity of the schemes presented
above and some alternative numerical schemes which are signifi-
cantly less computationally costly, but whose numerical solutions
still exhibit good agreement with the Alouges—Merlet vanishing
viscosity solutions. We present the numerical results or these
schemes, along with the results from the numerical schemes which
use the fully computed Godunov path, in Section 5.

Clearly, the main computational expense of these numerical
scheme is focused in the computation of the Godunov path, .
Note as well that for schemes which use exact Riemann solvers
(i.e. Godunov schemes) we must still solve each interface Riemann
problem to determine the interface state Uj.(1/2). Hence, even if a
very simple numerical path i is used, the determination of this
interface state is still expensive. Therefore, when using a approxi-
mation of the Godunov path we also use a numerical scheme which
uses an approximate Riemann solver (i.e. the Lax-Friedrichs-like
scheme, or Roe scheme) to avoid this expensive calculation. We
propose the following two strategies:

e Approximate the shock/rarefaction/contact discontinuity curves
in the construction of the Godunov path, .

e Approximate the whole Godunov path v by a simpler path v,
which still has the local approximation (2.6) along shock profiles.

Let us examine these strategies in more detail.

4.1. Approximate the shock/rarefaction/contact discontinuity
curves

From the computational complexity point of view, the main
issue of the above schemes is the numerical integration of the shock,
rarefaction, and contact discontinuity curves, and the determina-
tion of intermediate states. However, a simple alternative consists
of using the local parametrization of each of these simple curves.
Let us demonstrate this through a simple example by considering a
2 x 2 system, and let us assume that we are approximating the mod-
ified Godunov path, using reversible shock curves, for the Riemann
problem with left state u; and right state ug. This amounts to find-
ing the intersection of the 1- and 2-simple curves which connect u;
and ug. From Corollary 2.1, we know all the reversible shock curves,
rarefaction curves, and contact discontinuity curves have the local
approximations:

Sp(u)~u + ery(u) + %ezDrk(u) ri(u).
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Therefore, the problem of approximating the modified Godunov
path for this 2 x 2 system reduces to finding €1 and &, such that,

1

u =u +ery(ug) + 58%Dr1(uL) -r1(uyp),
1

Ug = Uy + &15(ug) + ieﬁDrz(uﬂrz(ul),

which can be solved quickly using root-finding software, for suffi-
ciently small jumps. Clearly, this process induces an error that is of
third order in the strength of the jump and is naturally not accu-
rate for strong discontinuities. However, one can implement this
approximate modified Godunov path when ||U ]+1 — U]!7|| is smaller
than a certain given tolerance. In this way we use the approximate
simple curves to accurately approximate the modified Godunov
path at this interface, and thereby avoid solving the differential
systems, while preserving the accurate Godunov path at other
interfaces where the jumps are large.

4.2. Approximate the whole Godunov path by a simpler path fﬁ

Another approach to the design of a fast numerical scheme
would be to replace the entire Godunov path ¥ by some approx-
imation 1, which we carefully choose so that it still has the local
expansion (2.6) along shock profiles. While this could be done in
many ways let us consider a particularly simple approximation: a
straight line. Thus, we approximate the entire path ¥(s; u;, ug) by
the straight line:
Y(s;ur, ug) =up + s(ug —uy). (4.1)

Let us consider this simple choice of path in a Roe scheme.
This scheme was initially considered by Toumi [28], in which the
author proposes a generalized definition of Roe’s linearization for
nonconservative systems based on DLM path-theory. A function
A:R™ x R™ — Mp(R) is called a (generalized) Roe linearization if

1. Forallv,ue €,

oy

(s u,v)ds.

A(v,u)(v—-u) =/ A(Y(s;u, v))

2. For all v, ue €2, A(v,u) has m independent eigenvectors.
3. Forallve £,

A(v,v) =A(v).
Choosing the straight line in place of i yields a Roe matrix
1
B =AU 0= | MO 0 =,

and the Roe scheme can be written:

At
+1 n,+ n,—
an U]n - H(Aj ]/2( u' - j ) A]+1/2(an+‘1 U]n))v (42)
where
n,+ n,x
Aj+1/2 R]+1/2D]+1/2R]+1/2
and Dn+1/2 d'ag()‘11+1/2’"")‘31,]41/2) is a diagonal matrix of
eigenvalues of Aj L1)2 and R] 12 is the matrix of right eigenvectors
of A _ .
Jj+1/2

While this is clearly a very simple and easy way to create a fast
numerical scheme for approximating a nonconservative system, it
is clear that we have sacrificed a great deal of accuracy by choos-
ing a straight line to approximate the Godunov path. However, a
direct calculation shows that for this straight path fb Proposition 3.1

will still hold. Therefore, we still expect the numerical solutions of
this scheme to agree with the Alouges-Merlet vanishing viscosity
solutions, to third order in the strength of the discontinuities.

Another simple choice for this approximate path 17/ which has
the local approximation (2.6) along shock profiles, is

Y(siug, ug) = up + <ZSI<1‘1<(UL)> s

k=1

m
1
+3 <Ze§Drk(uL)-rk<uL)> 2, (4.3)
k=1
where the ¢, are found specifically so that fﬂ(l;uL, uR) = ug. This

choice is potentially more accurate than the straight path approx-
imation.

5. Numerical results

In this section we will examine how well the numerical solutions
from several schemes compare with the Alouges-Merlet vanishing
viscosity solutions. We apply these schemes to a nonconservative
system considered by Castro et al. in [7],

h[+qX:07

q2
X

This system has the form v; + A(v)vy =0 where

(h awy - (© 1
v q)/’ V)= —w2+uh® 2u)’

and u=g/h. When 0<q and 0<h<(16q)!/3, this system is strictly
hyperbolic and its characteristic fields are genuinely nonlinear.
We choose this system for is simplicity - since the eigenval-
ues and eigenvectors of A(v) can be explicitly calculated - and
also to establish a comparison with the numerical benchmarks
presented by Castro et al. in [7]. We consider three schemes in
particular: the Lax-Friedrichs-like scheme (3.1) with the Godunov
path constructed using the Alouges-Merlet shock curves, and two
schemes which use the approximate paths 17/ discussed in Section
4.2. For each scheme, we calculate the numerical 1-shock curve
and compare it with the exact Alouges—Merlet 1-shock curve in
order to observe how well the numerical scheme approximates the
Alouges—Merlet vanishing viscosity solutions.

(5.1)

5.1. Lax-Friedrichs with Alouges—Merlet shock curves

Our first test is approximating the system (5.1) using the
Lax-Friedrichs-like scheme (3.1) where the numerical path v is
chosen to be the Godunov path (see Definition 3.1), defined using
the Alouges-Merlet shock curves as the path, ¢.

In Fig. 3, we show the results of this scheme when applied to the
Riemann problem,

1
1

1'8> x> 0.
0.3

We show the results of this computation at t=0.5 on a uniform
mesh of N=400 elements. We also show the exact Alouges-Merlet
weak solution which is calculated using the DLM framework with
the Alouges—Merlet shock curves as the chosen path, ¢. We see from

this figure that the numerical solution agrees quite closely with the
theoretically specified weak solution. To more completely test this

x <0,
v(x,0) =
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——— Lax-Friedrichs - A&M Shock Curves
Exact A&M Weak Solution

0.9f 1
0.8 ]
=071 ]
0.6f 1
0.5F ]

o4 Eﬁ .

0.3f

0.2 : .
-1 -0.5 0 0.5 1
X

Fig. 3. Lax-Friedrichs: comparison exact and approximate solutions with a A&M path.

1.9 T T r
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Fig. 4. Godunov scheme with A&M path.

agreement, we repeat this test for many Riemann problems while
holding the left state v; =(1, 1)T constant and recording the inter-
mediate state connected to v; by a 1-shock wave. We show the
results of this test in Fig. 4 in which we see that the numerical

——<— Numerical Shock Curve - Roe w/ StraightPath

AM Shock Curve

0.95F b

0.9 ]

> 0.85[ b

0.8 b

0.75f b

0.7 b

0.65 ]

1-shock curve resolved by this numerical scheme agrees quite
closely with the Alouges-Merlet 1-shock curve. We also note
that this close agreement of the numerical solution and the
Alouges—-Merlet weak solution has been observed for several
other schemes using the full Godunov path, e.g. Godunov scheme,
Lax-Wendroff scheme, VFFC scheme [14], and others.

As mentioned above, calculating the exact Godunov path using
the Alouges-Merlet shock curves for this 2 x 2 system requires that
at every cell interface we solve four ODE systems and find the
unique intersection of the resulting simple curves. Although this
is a very computationally expensive procedure, our primary goal
is the construction of schemes which exhibit small convergence
errors to the vanishing viscosity solutions. We consider schemes
which are less computationally expensive in our next test.

5.2. Numerical schemes using approximate paths 17/

In our second numerical test, we consider two numerical

schemes which use the approximate paths iy as described in

——— Numerical Shock Curve - LaxFriedrich w/ Parabolic Path

AM Shock Curve

0.95F h

0.9 ]

> 0.85 b

0.8 ]

0.7 h

0.9 1 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8

Fig. 5. Roe scheme with straight path (left) and Lax-Friedrichs scheme with parabolic path (right).
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Section 4.2. These paths are much simpler to construct than the full
Godunov path, and are therefore far less computationally expen-
sive. However, itis unclear a priori how these approximations of the
full Godunov path will affect the numerical solution of the scheme
and, more specifically, to what degree the numerical shock curves
of the schemes will agree with the Alouges-Merlet shock curves.

The first scheme we consider is a Roe scheme (4.2) using the
straight path approximation (4.1). The numerical 1-shock curve of
this scheme was calculated as it was above for the Lax-Friedrichs-
like scheme and shown on the left of Fig. 5. We see in this figure
that the numerical 1-shock curve of the Roe scheme with this
approximate path still exhibits a good level of agreement with
the Alouges-Merlet shock curve, although a small error is vis-
ible for stronger shock waves. The second scheme is again the
Lax-Friedrichs-like scheme, this time using the parabolic approxi-
mate path 1} in (4.3). The numerical 1-shock curve of this scheme
is shown on the right in Fig. 5, in which we see that this scheme
retains a good level of agreement with the Alouges-Merlet shock
curve.

6. Conclusion

This paper was devoted to the study of the numerical approx-
imation of one-dimensional nonconservative hyperbolic systems
and, more specifically, the problem of constructing numerical
schemes which converge to the theoretically specified weak
solution. While the path-theory proposed by Dal Maso, LeFloch
and Murat’s path theory gives a way to rigorously define non-
conservative products occurring in these systems, and thereby
allows us to define weak solutions to NCHS as well as to derive
Rankine-Hugoniot-like jump conditions, the approach does not
specify what choices of path are good candidates. Furthermore, the
issue of numerically approximating the nonconservative systems is
made more complicated since the numerical approximations rarely
agree with the theoretical weak solutions near discontinuity waves.

In this paper we investigated numerical schemes constructed
using approximate shock curves proposed by Alouges and Mer-
let. While these curves have interesting mathematical properties
in their own right, the fact that they are also a close approxima-
tion of the viscous shock profiles of the nonconservative system
for a large class of viscosities makes them a well-suited can-
didate in DLM path-theory. By following the formalism of the
well-known Lax-Wendroff theorem, we are motived to consider
numerical schemes whose numerical paths ¥ locally agree with
the Alouges-Merlet shock curves along the shock profiles. We
show that a set of shock curves defined using the DLM path-theory
will indeed have the same local expansion as the Alouges-Merlet
shock curves if and only if they are reversible. We also conjecture
that if a numerical scheme has a numerical viscosity which com-
mutes with A(u), and a numerical path which locally agree with the
Alouges—Merlet shock curves along a shock profile (or is a Godunov
path with reversible shock curves), then the numerical solutions
of this scheme will agree with the Alouges—Merlet weak solutions
near a discontinuity, to the third order in the strength of the dis-
continuity. Since the arguments presented here are not rigorous,
we leave the formal proof of this conjecture to a future work.

Several numerical results are presented in which we implement
the Alouges-Merlet shock curves in DLM path-dependent numer-
ical schemes. In the example presented, the numerical solutions
are seen to have a close agreement with the theoretically speci-
fied Alouges—Merlet weak solutions. Furthermore, by numerically
calculating the shock curve resolved by the Lax-Friedrichs-like
scheme, we show that the numerical shock curve agrees closely
with the Alouges—Merlet shock curve. We also give examples in
which we approximate the numerical paths. These approximations

are chosen to have the same local expansion as the Alouges-Merlet
shock curves along shock profiles. We show in the examples
considered, that the numerical shock curves of these solutions
also agree closely with the Alouges—Merlet shock curves. Further-
more, these scheme achieve a good amount of accuracy to the
Alouges—Merlet weak solutions while being significantly less com-
putationally expensive.

Although the strategies presented in this paper may help to con-
struct numerical schemes whose numerical solutions will agree
closely with the Alouges-Merlet weak solutions, the question of
how to construct schemes which converge to the weak solutions
associated to an arbitrarily chosen path ¢ is still an open problem.
More importantly, the question of how to construct schemes which
converge to the physically relevant solution is also an open prob-
lem. One possible approach is to derive a class of numerical schemes
from the weak formulation of NCHSs, using basis functions which
are not piecewise constants (as usually done). As the dual space
of piecewise constant functions do not entirely contain the space
of measure, we expect that the subsequent schemes will in gen-
eral not converge. Considering now at least continuous functions
with compact support (with a support containing the current cell,
typically plateau functions), we can expect convergence, as the set
of measures is this time contained in the dual space of continuous
functions. In general, while this paper offers many insights into the
convergence of several numerical schemes for approximating non-
conservative systems, the question of proving true convergence is
still a topic of future research.
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